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Abstract. The linear structure of the space of Maass forms of even weight and of arbitrary order is deter- 
mined. 



1. Introduction 

In this work, the structure of the space of Maass forms of general order and integral weight as a linear 
vector space is determined. It is proved that, under suitable conditions, this space is as large as one would 
expect it to be. 

There are mainly two objects and associated problems that suggest the study of specifically this type of 
higher-order form. The first is Eisenstein series modified with modular symbols defined by 

(1.1) E*{z,s) = ar>im(rz)% 

rer„\ro(A') 

where Too is the subgroup of translations of the congruence group ro(A'^), / a weight 2 newform and 
(/, y) :- -Ini f{w)dw. The study of this function has led to important results, such as the proof that 
the suitably normalised modular symbols follow the normal distribution ([T9]|). The function E*(-, s) is 
not automorphic but transforms as a second-order automorphic form. 

We recall that, for a group T of motions on the upper half-plane §, a function is said to be F-invariant 
of order q eN and weight 0, if it satisfies 

(1.2) /Kn - l)(y2 - 1) • • • (r, - 1) = for all n, 72, . . . , r„ e F . 
Here, the action | of F on functions on § is given by 

/lr(z) f(7Z). 

and it is extended linearly to an action of the group ring C[F]. 

Clearly, several types of conditions on holomorphicity, growth etc. can be imposed on functions of 
general order. The function E*(-, s) in particular, is an eigenf unction of the Laplacian and therefore we 
view it as a Maass form of order 2. 

The second object leading to functions that are F-invariant of second-order arises from considerations 
related to values of derivatives of L-f unctions of cusp forms: In ifTTl and HI certain "period integrals" are 
associated to derivatives of L-functions of weight 2 cusp forms in a way analogous to the link between 
values of L-functions and modular integrals ( ifTTIl ). Specifically, let / be a newform of weight 2 for Fo(A'^) 
and let Lf{s) be its L-function. If Lj(l) = 0, then, for each prime p, ip,N) = 1, L'^W can be written as a 
linear combination of integrals of the form 

ryiO) 

(1.3) f(z)u(z)dz, y€To(N) 

Jo 
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plus some "lower order terms". Here u{z) := log 77(2) + log rj{Nz), where 77 is the Dedekind Ty-function. The 
differential f{z)u{z) dz is not ro(A^)-invariant. It does satisfy a transformation law which is reminiscent of 
(11.21) . but is not quite ro(A'^)-invariant of order 2 in the nan^ow sense. If it were, the value of the derivative 
at 1 would be expressed as the value of the actual L-function of second-order ro(A'^) at 1. That could be 
advantageous for the study of ^j(l) in terms of the outstanding conjectures, especially since there is now 
evidence that a motivic structure underlies higher order forms (see ifTOl and 1221). 

Here we show that it is indeed possible to obtain a second-order ro(A'^)-invariant function from u{z) 
provided we move to a different domain. This domain is the universal covering group which we will be 
defining in detail in 95.11 

As will become apparent in the sequel, it is natural, in higher orders, to unify the study of Maass forms 
and that of forms on universal covering groups. The full definition of the higher-order Maass forms with 
generalised weight on the universal covering group is discussed in ^ Theorem 16.41 then allows us to 
translate results on the universal covering group to the analogous results on the upper-half plane. 

A fundamental question is how "large" this space is. In the case of holomorphic higher-order cusp 
forms, the corresponding spaces are finite-dimensional and the answer can be given by computing the 
dimensions (171 and |l9l)- In the present case, where the relevant space is not finite dimensional, a different 
characterisation of "size" is required. Such a characterisation is proposed in ^ 

Although our results imply that there are "many" higher order Maass forms, the proofs are highly 
inductive and do not easily lead to explicit examples. In 94.31 and 96.41 we address this problem, by 
illustrating various methods that lead to explicit examples of higher order Maass. Surprisingly, these 
examples are derived very naturally from the theory which was developed in a completely different context 
inElia. 

Finally, a particular aspect of the proof that deserves to be singled out because of its independent interest 
is the definition of genuinely higher-order Fourier expansions. Higher order automorphic forms need not 
be invariant under the group fixing a cusp, so there is no obvious Fourier expansion. To date, to address 
this problem one had to partially revert to the classical setting by imposing the somewhat unnatural extra 
condition of invariance under the parabolic elements of the group. In ^ appropriate higher-order Fourier 
terms are constructed, thus avoiding additional invariance conditions. 



2. Structure of the paper 

In i3] we first discuss higher-order invariants for general groups and modules. This allows a precise 
definition of the concept of "as large as possible" {maximally perturbable). A first maximal perturbabiUty 
result for a general space of maps is also proved. 

In ^ Maass forms on § (both general and holomorphic) are defined and the first two main theorems 
of the paper (I4.2l and l43] ) are stated. The section includes an extended discussion of concrete examples of 
low-order forms on §. 

In the next section the universal covering group G is introduced and the basic facts about G are given. 

Maass forms on the universal covering group are defined in ^ and the counterparts of Theorems 14.21 
and l4.3l for forms on the universal covering group are stated. The section concludes with concrete examples 
of low-order forms on G. 

Section|7]is of independent interest. A theory of Fourier expansions for higher-order forms is developed. 
The proof of Theorems 14.21 and 14.31 is the content of ^ The proof involves the construction of two 
spaces with support conditions. To deduce their maximal perturbabiUty we employ spectral techniques. 
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3. Higher order invariants 

In this section, we discuss higher order invariants in general and then specialise their study to discrete 
cofinite subgroups F c PSL2(K.). We introduce the concept of a "maximally perturbable" F-module to 
make precise the statement that there are as many higher order invariants of a given type as one can expect. 
A first maximal perturbability result in a general context is proved. 

3.1. Higher order invariants on general groups. The concept of higher order invariant functions on 
the upper half plane is a special case of the concept "higher order invaiiants" for any group F and any 
F-module V. We work with right F-modules, an write the action as t; i-^ v\y. It should be clear from the 
context when we refer to this general meaning of | and when to the more naiTow meaning given in the 
Introduction. We define the higher order invariants inductively: 

yr,i = ^ . \/y ^T, v\y = v] , 

(3.1) 

yr,y+i ^ g y . Vy € F, v\{y - 1) e y^'^l . 

We set y^'° = {0). 

Let now F be finitely generated and let / be the augmentation ideal in the group ring C[F], generated by 
7 - 1 with 7 e F. A fundamental role in the paper will be played by the map 

: ^ homc[^](/'^+^/^ V^). 

To define it we first quote from Q (before Proposition 1.2): 

(3.2) V^-" = homc[r](/nC[F],y). 
Next, we note that F'*'^ \r^ is generated by 

/^^' + (ri-i)---(r,-i), 

with y,- € F. To each v € V^-^+i we associate the map on sending this element to vKyi - 1) • • • (y^- 1). 

This map is well-defined because v\{yi - 1) • • • (y^+i - 1) = 0. In this way, we obtain a map mq from V'^'^+i 
to 

homc[r] (/''"' V) = homc[r](/'^'''\/^ V^) 
(since the action induced on /^"""^ \/^ by the operation of F is trivial). It is easy to see that the kernel of 
is V^''^ and thus we obtain the exact sequence 

(3.3) V^''^ ^ homc[^](/''■'^/^ V) 

The map m^^ may or may not be surjective and we will interpret the phrase "as large as possible" as 
surjectivity of for all ^ e N. 

Definition 3.1. Let F be a finitely generated group. We will call a F-module V maximally perturbable if 
the linear map : V'-'^^^ homc[r](^'^^^\^^, V^) is surjective for all <7 > 1. 

A reformulation of this definition which is occasionally easier to use, uses the finite dimension 

(3.4) n(F,^) :=dimc(/'+^/^0. 

V is maximally perturbable if and only if ^r.^+i/yr,? ^ ^yTy(Y,q) f^j. ^jj ^ ^ |^ 

In 191 higher order cusps forms of weight k for a discrete group F are considered in the space of holo- 
morphic functions on § with exponential decay at the cusps that moreover are invariant under the parabolic 
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transformations. The dimensions of these spaces are computed and generally turn out to be strictly smaller 
than n(T, q). So the corresponding F-module is not maximally perturbable. 

A useful definition is based on the isomorphism homc[r](^'*'^^\^''', V^) = Mult'^(r, V^), the space of maps 
Y'l — > inducing group homomorphisms F — > C on each of their coordinates. For a finitely generated 
group F, Mulf'CF, V^) = Mult^(F, C) ®c where Mult'^CF, C) is the q-th tensor power of the abehanised 
group F^'' = F/[F, F]. With this notation we define 

Definition 3.2. Let q eM. For any group F and any F-module V we call / e V^''' a perturbation of (p e 
if there exists ijf e Mult'^(F, C) such that for all yi, • • • ,7^ € F: 

(3.5) /l(ri-l)---(r,-l) = iuf{yu...,7,)<p. 

We call a perturbation commutative if /ij is invariant under all permutations of its arguments. If not, we 
call it non-commutative. 

3.2. Higlier order invariants on subgroups of PSL2(R). 

3.2.1. Canonical generators. In this section we recall the "canonical generators" of cofinite discrete sub- 
groups of PSL2(]R.), and use them to show that certain modules ai^e maximally perturbable. 

Let F c PSL2(]R) be a cofinite discrete group of motions in the upper half-plane §. A system of 
canonical generators for F consists of 

• Parabolic generators Pi, ... , P^p^, each conjugate in PSL2(R) to + (q } ). We shall assume that F 
has cusps: npay > 1. 

• Elliptic generators £1, . . . , S,,^,,, with n^u > 0. Each Ej is conjugate to ± ( ^ ^^(1/"^) cos(^/" ■) ) 
PSL2(]R) for some vj > 2. 

• Hyperbolic generators H\,. . ., H2g, with g >0, each conjugate in PSL2(R) to the image ± (q A )> 
t > \,t + l,ofa diagonal matrix 

See, e.g., ifTSl . Chap. VII.4, p. 241, or |[T8l . §3. The relations are given by the condition that each E"! - I 
for 7 = 1, . . . , «eib and one large relation 

(3.6) Pi--- Pn^^^E, - - - En^, [Hi ,H2]--- [H2g-lH2g] = Id . 

The choice of canonical generators is not unique, but the numbers ?ipar, ?ieii and g, and the elliptic orders 
vi, . . ., are uniquely determined by F. 

Each group homomorphism F — > C vanishes on the Ej, and is determined by its values on Hi, . . ., H2g, 
Pi,..., ^Hp^-i, hence 

(3.7) dimhom(F, C) = «par-l+2g. 

We put ?(F) = n^^ + lg, and denote A 1 = Pi, . . . , A„p^,_i = P„p^,^_i, A,,^^,^ = //i,A„p^.+i = H2,..., 
Af(r)-i = H2g. The group F is generated by £1 , ... , S^^,, and Ai , . . . , A,(r)-i . 

For the modular group we have Wpar = 1, Pi = + (q } ), «eii - 2, £"1 = ± q), E2 - ±S := ± ( j ^q), 
g -0, and hence hom(Fniod, C) = {0} and ?(Fniod) = 1- 

In the sequel, we will need a basis for /^''^^\/^. Arguing as in Lemma 2.1 in |5J we can deduce that the 
elements 

(3.8) b(i) = (Ai(i)-l)---(Ai(,)-l), 
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where i runs over all (?(r)-l)-tuples of elements of {1, ... , t{T)-l} form a basis of 7^*' \/^. We do not give 
a proof here, since it follows from the more general result Proposition 15.31 

3.2.2. A first maximal perturbability result. We view the space Map(r, C) of all maps from F to C as a 
right F-module for the action | by left translation. 

Proposition 3.3. IfT is a discrete cofinite subgroup o/PSL2(K.) with cusps, then Map(r, C) is maximally 
perturbable. 

Proof. We construct functions g, e Map(r, C) for ?i-tuples i from {1, . . . , t(Y) - 1). Firstly, let Fq be the 
free subgroup of F which is generated by the elements Aj, I < j < f(F) - 1. It is clear that there is a unique 
system of functions {gi) on Fq such that 

§0 = 1' 
g(j4)|(Ay - 1) = gi , 

(3 9) 

^ ' gil(A,-l) = ifi(l)^7, 

gi(l) = if|i| > 1. 

By |i| we denote the length of the tuple i. 

We next set giCy) = gi(^o(y)) for y € F, where is the homomorphism defined by (foiEj) = I, 
'Poi^j) - ^j- With the map rrig in (13.31 ) and for for |i| = |j| we have on the basis elements in (13.81 ). 

(m,gi)(ba)) - gil(Aj(i) -!)••• (Aj(,) - 1) 

- (Ji(i),j(i)gi'l(Aj(2)- l)---(Aj(<^)- 1), 

where i' is the tuple (i(2), . . . , i(^)). Inductively we obtain 

(3.11) (m^gi)(ba)) - -fl^'WJW- 

Hence the gi with |i| = q form a dual system for the generators b(i). This implies that the image m^V'^^"'"^ 
has maximal dimension n{T, q). u 

4. Maass forms 

We turn to spaces of functions on the upper half -plane that contain the classical holomoiphic automor- 
phic forms and the more general Maass forms. The first main results of this paper ai^e stated in Theo- 
rems |4j2] and |43] In 34.3l we give some explicit examples of higher order Maass forms. 

4.1. General Maass forms. Let F be a cofinite discrete subgroup F of the group G = PSL2(1.). For each 
cusp K, we choose e PSL2(1R) such that 

1 n] 
01. 

Here, F^ is the set of elements of F fixing k. The elements are determined up to right multiplication by 
elements ± ^^^i ) e G. We choose the for cusps in the same F-orbit so that gyi^ e yg/^Yco- 

We further consider a generalisation of the action | considered in the last section. For a fixed k and for 
a / : § ^ C we set 

(4.2) / , f (z) = (cz + d)-' fiiaz + b)/icz + d)). 



(4.1) K = g^cxi and^^'F^^^ = • 



k\c d 
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We finally set 

(4.3) = -y^dl - y^d] + ikyd, - kydy + j{l - j) . 

With this notation we have 

Definition 4.1. Let kelZmdAe C. 

i) Mki^, A) denotes the space of smooth functions / : § — > C such that L^f = Af and for which 
there is some a eR such that 

fig.(x + iy)) = Oiy") (y^co) 

(4.4) 

uniformly for x in compact sets in R, for all cusps a: of F . 

ii) Gk(^, A) denotes the space of smooth functions / such that Ltf = Af and for which there is some 
a eR. such that 

f{gK(x + iy)) - 0(e"y) iy^^) 

(4.5) 

uniformly for x in compact sets in R, for all cusps k of F. 

iii) We denote the invariants in these spaces by 

(4.6) Ek{T,A) Bk{r,Af andMk{T,A) := Mk{T,Af . 

We call the elements of Ek{Y,A) (resp. Mkir,A)) Maass forms of polynomial (resp. exponential) 
growth of weight k and eigenvalue A e C/or F. 

Remarks. 

i) Since is elliptic, all its eigenfunctions are automatically real-analytic. (See, e.g., HH, §5 of 
App. A4, and the references therein.) If / is holomorphic, then it is an eigenfunction of with 
eigenvalue |(1 - |). 

ii) The space Mk{T, A) is known to have finite dimension. The space ^^(F, A) has, for groups F with 
cusps, infinite dimension. The subspace of ^^(F, A) coiTcsponding to a fixed value of a in the 
bound 0{e"y) has finite dimension. 

iii) In an alternative definition, suitable for functions not necessarily holomorphic, one replaces the 
Maass forms / as defined above by h{z) = y'^^^fiz). Then invariance under (14.21 ) becomes invari- 
ance under the action 

(4.7) ^ L (c " e-''^^^'^-^*'^ fiiaz + b)l{cz + d)) 

and the eigenproperty in the terms of the Laplacian 

(4.8) {-y^dl-y'^d] + ikyd^)h = Ah. 

The formulation of the growth conditions remains unchanged. Now antiholomorphic automorphic 
forms a{z) of weight k give Maass forms h{z) = y'^^^aiz) of weight -k. 
Our main result for general Maass forms on § is 

Theorem 4.2. Let T be a cofinite discrete group of motions in § with cusps. Then the T-module £j(;(F, A) 
is maximally perturbable for each k eTL and each AeC 

In the course of the proof in ^ we will see that even if we start with Maass forms with polynomial 
growth the construction of higher order invariants will lead us to functions that have exponential growth. 
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4.2. Holomorphic automorphic forms. For even k the space £^(r, /l^), with = f(l - |) contains 
the subspace S^°^{r, Ak) where the condition Lkf = Atf is replaced by the stronger condition that / is 
holomorphic. In the alternative definition, condition (14.81) is replaced by the condition that z ^ y~'^f{z) 
is holomorphic. The space £^°'(r, Ak) is a F-submodule of £>k(y, Aj^). We also have the F-submodule 

Ml°\T, Ak) = Mkir, Ak) n £hoi(r, a^) of Mkir, a^). 

The space '(r, Ak)^ is the usual space of entire weight k automorphic forms for F, and £^°'(F, A^)^ 
is the space of meromorphic automorphic forms with singularities only at cusps. Sometimes, e.g. in HI, 
the elements of £^°'(r, Ak)^ are called weakly holomorphic. There the elements of £/t(F, A^)^ are called 
harmonic weak Maass forms. We prefer to use the term harmonic for Maass forms in SkiT, 0)^. (Note that 
Ak i= for k i= 0,2.) 

Our main result for holomorphic automorphic forms on § is: 

Theorem 4.3. Let T be a cofinite discrete group of motions in § with cusps. Then £^°'(F, - k^/4) is 
m.aximally perturbable for each k e 2Z. 

4.3. Examples of harmonic and holomorphic forms of order two and three. According to Theorems 
14.21 and 14.31 there are plenty of examples of higher order Maass forms for cofinite groups with cusps for 
which dime hom(F, C) > 1. It is, however, not very easy to exhibit explicit examples. 

For the modular group Fmod - PSL2(Z) the space hom(Fmod>C^) is zero. Hence it does not accept 
higher order invariants. For the commutator subgroup Fcom = [Fmod> Fmod] we will employ three different 
approaches to exhibit full sets of perturbations of 1 (as defined in Definition 13.2b of orders two and three. 
A reader only interested in the existence of higher order forms may prefer to skip this subsection. 

4.3.1. Holomorphic perturbation of 1. In I15il . Chap. XI, §3E, p. 362, one finds various facts concern- 
ing Fcom- It is freely generated by D = ± (j }) and C = ± It has no elliptic elements, and one 
cuspidal orbit Fcom °° - Pq- The group (Fcom)oo fixing oo is generated by ± j We have f(Fcom) = 3. 

The space of holomorphic cusp forms of weight 2 has dimension g - I. We use the basis element rf 
(power of the Dedekind eta-function). The map 

(4.9) H{z) = -Ini C 7]{t)^ dr = -6e"''''^ + 0{e'^"'''^) 

induces an embedding of Fcom\§ into an elliptic curve, which can be described as C/A, with 

(4.10) A = mZ[p], m = 7r^%(l/6)/(6 V3 F(2/3)) , p - e''"^ 

(See computations in §15.2-3 in 131.) The map H maps § onto C \ A, and satisfies for y e Fcom 

(4.11) H(yz) = Hiz) + A(y), A(y) = -2m r](T)^ dr , 

*y oo 

where A(C) = pm and A{D) = pm. So the lattice A is the image of A : Fcom C, and hom(Fcom,C) - 
Mult^Fcom, C) has A, A as a basis. We note that the kernel ker(/l) is a subgroup with infinite index in 
Fcom; it is in fact the commutator subgroup of Fcom- The element ± (o i ) generating the subgroup of Fcom 
fixing oo is in ker(/t). Since ker(/t) has no elliptic elements, composition with H gives a bijection from the 
holomorphic functions on C \ A to the holomorphic ker(/l)-invariant functions on §. 

Clearly, // is a holomorphic second order perturbation of 1 with linear form A. It is also a harmonic 
perturbation of 1, i.e., a perturbation which is harmonic as a function. By conjugation we obtain the 
antiholomorphic harmonic perturbation of 1 with linear form A. 
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According to Theorem 14.31 there should also be a holomorphic second order perturbation of 1 with a 
lineal- form that is linearly independent of A. Here we can use the Weierstrass zeta-function 



(4.12) 



1 Y-i'/ 1 1 M \ 

au;A) = - + X — + - + — ■ 

U \U - Ll) CO O)'^ / 



LoeA 



See, e.g., |[T3l . Chap. I, §6. It is holomorphic on C \ A and satisfies ^{u + co;A) = ^(u; A) + h(a>) for all 
CO € A, where h e hom(A, C) is linearly independent of co co. (The classical notation for h is rj. We 
write h to avoid confusion with the Dedekind eta function.) Pulling back this zeta-function to § we get a 
second order holomorphic perturbation of 1 

(4.13) Wiz) = aH(zy,A) 

with the linear form y i-> \r\{A{y)). The Laurent expansion of the Weierstrass zeta-function at starts with 
^(m; A) = + O(m^). Hence W has a Fourier expansion at oo starting with 



(4.14) 



W{z) 
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This shows that W has exponential growth at the cusps. 

We may carry this out also for holomorphic forms of order three, to obtain the following commutative 
perturbations of 1 of order 3: 



(4.15) 



/ 


H{zf 


H{z) W{z) 








1A®A 


A®{hoA) + {UoA)(: 


5i 


2(h o i) (g) (h o i) 



We know that there also exist non-commutative holomorphic perturbations of order 3. To find an explicit 
example, we have to work on §, since the group A acting on C is abehan. 
The closed holomorphic 1 -forms 

\4 



a) = -2mT](T) dr and coi 
on § transform as follows under Fcom: 

(4.16) oj\y = oj , a>i\y = 
For an arbitrary base point zo £ § we put 



= -Ini W{t) T]{Tf dr 
a>i + h{A{y)) oj . 



(4.17) 



K{z) 



This defines a holomorphic function on § that satisfies for y € Fcom^ 

K\iy-l)(z) = £^oJi, 

and hence for y,6 e Tcom- 

-J jcoi = J wiir- J m 



= h(^(r)) J <^ = miy))Ai6). 

Thus, we have a holomorphic third order non-commutative perturbation K of I with non-symmetric mul- 
tilinear form (UoA)® A. Since holomorphic forms are harmonic in weight zero these perturbations are also 
harmonic perturbations of 1 . 



HIGHER ORDER MAASS FORMS 



9 



4.3.2. Iterated integrals. The construction of the third order form K in (14.17b is closely related to the 
iterated integrals used in lITOl to prove maximal perturbability of spaces of smooth functions. 

The idea is that we have two closed Fcom-invariant differential forms on §, dH{z) = co = -2niT]{zf dz, 
and 

ojo = dW{z) - -p{H{z))d{H{z)), 

where p{u; A) = - A) is the Weierstrass jj-function. If f i-^ z{t), < ? < 1 is a path in § from zo to 
Zi, then 

\' oj(Mh))i»{zm = (W(zfe))- W(zo))c?//(zfe)) 

Jt2=0Jti=0 Jt2=0 

= -Ini r W{z{t)) ri{z{t)f z'it) dt - W(zo){H{zi) - H{zo)) 

Jt=0 

= K{zi) - WizoWzi) - H{zo)) 

depends only on zo and zi , not on the actual path. For a fixed base point zo the holomorphic function 
Zi ^ W(zo){H{zi) - H{zq)) is invariant of order two. So up to lower order terms the invariant K is given 
by an iterated integral, as in (3) of 1 101 : see also |j4l. 

4.3.3. Differentiation of families. We start by considering a general finitely generated group F acting on 
a space X. We will use the notation flyix) = f{yx) for the action induced on functions defined on X. We 
consider a family of characters of F of the fomiXrij) - e'^'"^'^\ where r • a{y) = r\a\{y) + • • • + r^aniy), 
a\, . . .,an e hom(F, R), r varying over an open set U in W\ In this way is a family of unitary characters. 

We consider a C°° family r i-^ /,- on a neighborhood U c R" of of functions X — > C that satisfy 

(4.18) friyx) = xr{y)fr{x) (y € F) . 

We assume that;k'o is the trivial character and that /o is a F-invariant function /. 

We now set h{x) = drjfr{x)\^__^y for one of the coordinates of r. The transformation behaviour gives 
h{yx) = iojiy) f{x) + h(x), or, rewritten, 

h\y-h = iajiy)f. 

The function h is a second order perturbation of /, with iaj as the corresponding element of hom(F, C). 
This can be generalised: 

Proposition 4.4. For all multi-indices a e N" the derivative 

is a commutative perturbation of f with order 1 + \a\. 

We use the notations - d"l ■ ■ ■ d"l and \a\ - a\ + a2 + • • • + a„. 

Proof. We use induction on the length l^l of the multi-index. The case \a\ = 1 has already been handled 
above. For \a\ > 1 we have 

/"\yx) = Y.iia{y)r-'hf^'\x), 

0<b<a ^ ' 
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where b runs over the multi-indices with < bj < aj, where {^^ = Ylj [l^^, and where aiyf - Ylj OjiyYK 
Hence 

(4.19) f%y-l)= ^('^(^^^""'(j^^''^ 

0<b<a ^ ' 

is a linear combination of higher order forms /^''^ of orders 1, . . . , |fl;|. So f"^ is an invariant of order at 
most 1 + \a\. Furthermore 

(4.20) f"\y, -!)••• (ri,| - 1) - 2] myi)f''' ( j f'\y2 -!)••• {y\a\ - i) ■ 

0<b<a ^ ' 

By induction assumption, the /'^^^|(y2 - 1) • • • (y\a\ - 1) are multiples of / (zero if \b\ < \a\ - 1). So f^"^ is a 
perturbation of /. 

For the commutativity of the perturbation we note by induction that, for all g'l, . . . , e F 

(gi - mi - 1) • • • (gs - 1) - Z ■ ■ ■ - 1) ' 

1=0 i[<i2<—<ii 

where the ij run through the set {1, . . . , 5). Application of (14.191) leads to 

/W|(^,_i)...(yi^,i_i) = |^(_i)M-' ^ ^ (/«(r,-.r,vr,-,)r'(j/ 

/=0 ii<h<-<'lO<h<\a\ ^ ' 

Since o- is a homomorphism, the factor a{yi^yi2 ■ ■ ■ yi,) does not depend on the order of the yi.. Hence we 
may rewrite the expression as follows. 

/"ICri -!)••• (ri.i - 1) - £ Z ('•-(^'•'^'•^ • • • ( j /^'^ ' 

/=0 ■ i 0<h<\a\ ^ ' 

where i in the sum J]; runs over the subsets of {1, . . . , \a\} with / elements. This is an expression that is 
invariant under permutations of the yj, which shows that f'-"^ is a commutative perturbation. □ 

Remark. Proposition 14.41 shows that commutative perturbations can arise as infinitesimal perturbations of 
a family of automorphic forms. That is our motivation to use the word perturbation in Definition [ 



■(b) 



Application to harmonic perturbations of 1. We use the method of differentiation of families to produce 
explicit harmonic higher order forms for Fcom of order 3. We employ families studied in 131. 

Since Fcom is free on the generators C = ± and D = ± the character group of Fcom is 

isomorphic to C* x C*. We can parametrise the characters by 

(4.21) xvAr) = e'^'^y^'-'^'^K 

where {v, w) runs through C^, and where A e hom(Fcom> C) is as defined in (14.1 II) . We are interested only 
in (v, w) in a neighborhood of e C^. 

In IS, §15.5 it is shown that there is a meromorphic Eisenstein family E{v, w, s) of automorphic forms 
for Fcom, with the character ;k^i, u, and eigenvalue \ - for loq = -y^ (d^ + dy^ (In lO the discussion of 
the family E is made in the context of families of automorphic forms of varying weight which are thus 
defined on the covering group fcom- However, in §15.5 the weight is zero, and the automorphic forms are, 
in effect, on the discrete group Fcom-) The restriction to s - h exists (Q, §15.6) and forms a meromorphic 
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family {v, w) f(v, w; z) on such that f{v, w; yz) = Xv,wiy) fiv, w; z), and Lof{v, w;z) - for the dense 
set of (v, w) at which / is holomorphic. There is a meromorphic family (v, w) i-^ h{v, w; •) on C, such that 
fiv,w;z) = h{v,w;H{z)), satisfying h{v,w;u + A) - e''"^^''"'^ h{v,w;u) (0, §15.1-6). Chapter 15 of H 
gives a complicated but explicit construction (obtained with the help of D.Zagier) of such a family h with 
Jacobi theta-functions. 

Specifically, in §15.6.11 the function h is expressed as a sum 

(4.22) h(v, w; U) = G(,+^)^i2n{u, w) + G-^,+uj)m/2A-U, -v) , 

where the function Gfj{u, w), for // ^ Z and < Im m < V3 is given by 

2 ^fi+m 



(4.23) G^{u,w) = 



m=~co ' 



/u + m r/q'" - I ' 

with q = -e^"^, ^ - e^"'"l^ , and 77 = e"""^"^ We consider this for u, w, and /i near zero, but not equal to 
zero. Hence 7/ w 1 but rj I, and \q\ < |^| < 1. The latter inequalities imply absolute convergence of the 
series. We shall derive the Taylor expansion of h{v, w; u) :- vwh{v, w; u) in terms of {v, w) near zero up to 
order two, from which we can obtain higher order forms by Proposition 14.41 
The term of G^(m, if) with m = 

1 

(4.24) - ^ , 

/I 77- 1 

has singularities at fi = 0, and, due to also at u; = 0. This term has the following contribution to 
h{v, w; u) in ( 14.221 ). 

9 J- iu(v+w) 9 iu(v+w) 

(4.25) — -— 

m{v + w) g-iwcrVS _ I m{v + w) gvmi3 _ I 

We write the corresponding contribution to h{v, w; u) - vwh{v, w; u) as follows. 

In vw .g-»t^V3(g(«+»)c7V3 _ 2) 



m (g-uicrVS _ J)(^g!)nTV3 - 1) V V + W 



+ 



V + W V + w 

The last three quotients are holomorphic as a function of t; + «; in a neighborhood of 0. We replace them 
by their Taylor expansion up to the term {v + w)^ and after that the Taylor expansion in both v and w up to 
order 2 is computed. This gives 



(4.26) 



27r / . ._ 1 2 2 ^-2 2 

1+IUV + IUW-—U V — —u w 



tz7- V3 V 2 2 



2 



( — - niTuu + nimu ^ —{w + u ))vw\ + 

2^ 2V3 V3 ' 



In the terms with m i= m (g^S) we write ^ = e^™"''^, ^ = ^-2™'/^^^ = ^-wm^l%^ ^ e"'^^, 
q = -e^"^, and fi = (v + wjm/ln. We find the following contribution to h{v, w; u): 

y/ VW ^ VW ^ VW 1'"-^ ^ VW l-""-!" 



^■^V/yj + jj. rjiq'" - 1 ji — m rjiq - 1 m — fi 772^'" - 1 —m — /i 772^ - 1 
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This contribution is holomorphic near v - w = 0. Its expansion starts with the term vw. So for third order 
forms we need only the contribution to h{0, 0; w): 



(4.27) 



oo 

y- 

m=\ 



m\q'" - 1 q"' - 1 q'" - 1 qf" - I 



Each of these terms gives a convergent series on the region < Im m < ^tzj V3. 

Commutative perturbations. In this expansion we find various higher order harmonic forms that we have 
seen above. Denoting f - we find: 



(4.28) 



term of 


onC 


on § 


1 


/ 


/ (constant function) 


V 


ifu 


ifH{z) 


w 


ifu 


ifHiz) 




^u^ 




2 

W 


--1-U- 





The coefficient of vw gives a third order form 

biAu) 



/V3,2 ,u /V3 
2 m 2 



)^ + l) 



(4.29) 



with S{u) := ^ 



+ S{u) -\- S {mp - u) + S {-u) + S (mp + u) , 

Inimiilm y 



m=l 



m{q'" - 1) 



P 



By - b\ \{H{z)) we denote the corresponding harmonic third order perturbation of 1 on §. The 

way has been derived, together with the proof of Proposition 14.41 ensures that it is a perturbation of 1 
with a multilinear form that is a multiple of A® A + A® A. 

However, b\^\{u) is represented by (14.291) only on the region < Imw < ^cjVS. In [51, §15.3.5, the 
image under H of the fundamental domain 

3 



u 



1 n 
01 



5mod 



(where 5mod is the standard fundamental domain of the modular group) is shown to be the regular hexagon 
with centre and one comer at -\{e"'^^ + \)m. Only the upper half of this hexagon is in the region where 
we have an expression for b\ \ . We shall continue this function to the entire C. 

We first note that the series in ( 14.291 ) defining S (u) converges absolutely for Im m > yielding a holo- 
morphic function in that region. To extend S (u) to other values we use the following identity, valid for 
Jmu > ^cj V3: 



(4.30) 



S{u) - £ 



^2mm{u/m+p) 



m 



S(u + mp) + log(l - e^™'/^) . 



m=\ m=\ 

Via this identity, we can define S{u) in the region Imw > This extension of S is multivalued, 

since it depends on the way in which we extend the function u i-> log(l - e^"'"/^), which is given by the 
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second series in (14.301) only for Im w > 0. However, the sum 

(4.31) S{u) + S{-u) = S{u + mp) + S{-u + mp) + 2log\l-e'^'''"''^\ 

is single- valued on Imii > -^tetVS, with logarithmic singularities at m = mn, n e Z. Applying (14.31b 
repeatedly, we can extend S{ii) + S{-u) to all C to obtain a harmonic function with singularities at the 
points in A = mZlp] which have non-positive imaginary part. 

Via (I4.29I ). we then obtain the continuation of the function b\^\. It is harmonic on C\A, with logarithmic 
singularities at all points of A. 

Let us explicitly check the transformation behaviour: Since S is periodic with period m (and, equiva- 
lently, 5 (m -I- Tzjp) - S{u-mp)), 



bi^iiu + Tu) - bi^iiu) = —[{— + \-—) -( —) 



V3* 

m 2 vj 2 I 

n (2u ^ , r- 2u ^ . r-\ 2n 



{u + u + m); 



V3^^ TD- / cjV3 

n I ,u 1,2 ^ M ' V3, 

b[^i{u + mp)-bi^i{u) - — (— + -) -( — ) 

y3\ Tu 2 m 2 

,U 1.2 ,U /V3,2 

w 2 w 2 

- 21og|l - ^2™/'^! + S{-u) + S{u + m)-S{mp-u)-S{mp + u) 

= ^(p(?ii+p-Vp-'(2*P)) 

y3\ m ml 

- 21og|l - e^™'/^! + 21og|l - 

2n , pu + pu, 2n , , u u , 

= + - —)-2m{u-u)/m - —il+p'^ — +p—). 

V3 ID- ^/3 m m 

Let us denote by the translation by co e A, and use the notations bifl{u) = u, bo,iiu) = u. With the 
notations f - and a - - - fm we have 

(4.32) Z7i,o|(r^- 1) = bo,i\{T^-l) = CO, 

bi,i\iT^-l) = a{bifi + bQ,i+m), 

bi,i\iTpm - = a{pbifl+pbQ,i+m), 

bi,i\(T^-lf - 2am - -2fm^, 

bi,i\{T,^ - l){Tp^ - I) = a{pm + pm) = -f(m-pm + m-pm), 

bi,i\(Tpn7 - '^f = 2am = -2f(pm)(pm) . 

Since A is commutative we need not consider bi^i\{Tp^ - 1){T^ - 1). We conclude that the pull-back 
-f~^B\\ - -/~^Z?ijo// is a harmonic commutative perturbation of 1 for the multihnear form// determined 
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by the following values at the generators C and CD of 
(4.33) ix{g,h) 



Irn^ if g = h = C or CD , 

ifg = C, h = CD, or if ^ = CD, h = C. 



We have used the values of A given below (I4.11I ).) With these values at the generators, fx coincides with 
A®A + A®Aa.s predicted above by the way Bii was constructed. 



Non-commutative perturbation. Proposition 14.41 shows that differentiation of families produces only 
commutative perturbations. However, by Theorem I4.2[ there are non-commutative third order harmonic 
perturbations of 1. We can obtain such perturbations from B\ \ upon decomposing it as Bi i - A + Bfor a 
holomorphic function A and an anti-holomorphic function B. 

Specifically, in view of (14.291) . for those z € § for which H{z) is in the upper half of the fundamental 
hexagon for C/A, we can set 

(4.34) 2V3 V3l^ 2 )^ 

Biz) - -^ + ^(^^ + i:^]\si-im)+s{mp+W)). 

2V3 V3^ ^ 2 / 

As shown above, BijKy - 1)((5 -l) = -fA®A-fA®A. Hence, 

A|(y-1)(5-1) = -B\{y-l){6-\)- fA^A- fA^A. 

gives an equality between a holomorphic and an antiholomorphic function, and therefore, there is v : — > 
C such that 

A\(y-l){6-\) - v{y,6), B\{y - \){6 - \) - -f A^A - fA® A - v{y,6) 

for all y,6 eV. This implies that A and B are third order invariants, and that v € Mult^(r, C). 

To determine the bilinear form v, we recall that A{C) = pm and A{D) = pvj = ( 1 - p)'n7. We consider 
the following four functions: 



A\{C - 1) + fipvjH + ^) , B\{C - 1) + fipmH + ^) , 
A\{D - 1) + f(pmH+ ^) , B\{D - 1) + f(pmH + ^) , 



The functions on the left are holomorphic, and those on the right are antiholomorphic. We consider the 
sum of the two functions on the first row, and denote u = H{z). With (14.321) : 



Bu\(C - l)(z) + fpmHiz) + fpruHiz) + fm' 

- bi^i\{Tpm - 1)(") + fm(pu+pu) + fm^ 

- -fmipu + pu + m) + fmipu + pu) + fm^ = . 
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Similarly the sum of the two functions on the second row gives 
Bu\{D - l)(z) + fipmHiz) + pmHiz) + tu^) 
= ^i,il(7>CT - 1)(") + fm(pii+pu + m) 
= bii\{Tj^- l)T~l - bi^iKTp^ - l)Tpl + fm{pu+pu + m) 
= {-fm{u + u + m) + fm{pu + pu + m))\Tply + fmipu + 'pu + m) 
= fm{-u + pm - u + pm - m + p{u - pm) + p{u - pm) + w 
+ pu +pu + m) = . 

The sums of the rows in ( I4.35I ) are zero, so the individual functions are constant. We do not try to determine 
these constants. 
For A we have 



A\{C- 


1)(C- 


1) - 


-f{pvjH\{C- 


l) + 0) - -fpmAiO = -fA{C)A{C), 


A\{C- 


1)(D- 


1) - 


-f{pmA{D)) : 


= -fA{C)A{D), 


A\{D- 


1)(C- 


1) = 


-fA{D)A{C), 




A\iD- 


1)(D- 


1) - 


-fA{D)A{C). 





We conclude that -/" A is a non-commutative holomorphic third order holomorphic perturbation of 1 
with multilinear form A® A. Then the multilinear- form of the anticommutative third order perturbation 
of 1 given by -/"^ B = -f'^Bn -A)is{A®A + A^A)-A^A = A®A. 

5. Universal covering group 

5.1. Universal covering group of SL2(]R). To define the universal covering group of SL2(1.), which is 
also the universal covering group of G = PSL2(1.), we first note that, as an analytic variety, SL2(1.) is 
isomorphic to § x (R/2;rZ), by the Iwasawa decomposition expressing each element of SL2(K.) uniquely 
as a product 

yfy^l^fyX I cosi? sinT?\ 
l/^j \-sini^cos??j ' 

with x + iy € 9) and e R/2nZ. Left multiphcation by e SL2(R) amounts to 

(5.1) (z,'& + 2nZ) ^ (^^, & - argiM ^ I ,^)) + 27rZ) . 

^cz + a \c a) ' 

Here, ^) ,z) cz + d. This describes an action of SL2(IR) on § x (R/IttZ). 
We define for each (" f,) e SL2(1.) the operator 

lab\ ,az + b , J a b\ 

(5.2) :(z,^)^(— -,T?-arg(X ,z))) 

\c a I cz + a \c a I 

from § X R to itself, where we choose the argument such that -n < arg(cz + d) < n. We note that the map 
g gis injective. 

Definition 5.1, The universal covering group (5 of G is the group of operators § x R ^ § x R generated 
by the operators g in (15.21) for all g e SL2(R). 
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A lengthy but routine calculation shows 

Lemma 5.2. If the vertical maps in the diagram 

§ X R > § X R/Z = SL2(R) 

~ \^ \^ \^ 

§ X R > § X R/Z = SL2(R) 

are given by ( I5.2I ). ( I5.1I ) awJ by left multiplication by g respectively, then the diagram is commutative. (The 
last horizontal maps are defined by the Iwasawa decomposition.) 

Suppose now that gigj • • - gn is the identity as an operator on §xR. Then z g^gi - ■ • 9nZ is the identity 
operator on §. So g\g2 • • • gn £ {I, -1\ <^ SL2(R). By Lemma ls!2l it is impossible that g\g2 ■ ■ ■ gn = -I 
while gig2 ■ ■ - gn is the identity operator. So gig2 • • • gn = 1- This implies that the map ^ i-^ ^ on the 
generators extends to a group homomorphism 

prj : G ^ SL2(R) . 

The composition of prj with the natural projection SL2(R) — > PSL2(R) gives a map 

pr : G ^ PSL2(R) . 

We single out the following following families of elements of G. 

a) For ;c € R we put n{x) = j ) in G. This induces an injective group homomorphism n : R — > G. 

b) For y eW^\N& set a{y) - y ^j)- ^^^^ induces an injective group homomorphism a : R* — > G. 

c) For e R, we set 

(5.3) k{&){z,&i) = ( ^ t . ^^1 + ^ - arg{e"\-z sin ^ + cos &))). 

-z sin V + cos & 

This defines k(^) e G satisfying pr2/t(i?) = {JZ&c^st)- ^'^^^ (^''^i) ^ t>x^, the quantity 
k{d){z, ■&\) is real-analytic in &. If both & and &' have values near zero then ki^ + &') = k{&)k{-&'), 
since pr2 is locally an isomorphism. By analyticity this relation extends to all ■&' € R. So we 
have a group homomorphism : R — > G. The kernel of the composition pr2 o ^ is 2nZ. For 
each n e Z the element k{nn) acts as {z,'&i) {z,'&i + nn). This implies that k is an injective 
group homomorphism. Although it satisfies pr2fc(7?) = (.^^ cos!?) € R, the relation 

(-:Sls;') - m holds only for ^ € [-n, n). 
With these definitions and notations we deduce some basic facts about G. 
Centre of G: The elements k{jm) with n e Z form the centre Z of G. 

Transitivity of action of G on 9)X R.- This is implied by n{x)a{y)k{'&) (i, 0) = (x + iy, ■&) for all x + iy e 9) 
and 7? e R. 

Generators of G: The elements n{x), a{y) and k{-&) generate G, and each element of G can be written 
uniquely as n{x)a{y)k{&). This is a consequence of the relations 

(5.4) a{y)n{x) = n{y^x)a{y) and 

(5.5) k{&)n(x)a(y) = n{x^)a{y&)k{-& - arg{e'^(-z sin i} + cos i})) ) 
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G = § X R. Because of the last two facts, we can identify G with § x 1. as analytic varieties. Furthermore, 
the group operations are analytic with respect to the structure of § x R as an analytic variety. So G is a Lie 
group. The maps pr and pr2 are covering maps. One can show that any covering of SL2(K.) factors through 
G, hence G is the universal covering group of SL2(R). 

Section g g: This is a homeomoiphism for g near the unit element of SL2(R), but it is discontinuous 
at(^y e SL2(R) with c = and d < 0. This section is not a group homomorphism but instead there is a 
Z-valued 2-cocycle w on SL2(R) such that ggi = gg\ki2nw{g, g\)) for all g, g\ € SLiCR). See Theorem 16 
on p. 115 of |[T6l for an explicit description of this cocycle. Each element of G has a unique decomposition 
as gk{2nn) with g € SL2(R) and n e Z. In this paper we will not use this description of the group 
structure of G. We work with the interpretation as a group of operators in § x R, and occasionally use the 
"one-parameter subgroups" n, a and k. 

The action of G on §* := § U {cusps} is given by yz ■- pr(y)z. 

5.2. The Lie algebra of the universal covering group. The direction of the three one-parameter sub- 
groups n, a and k at the origin determines elements of the (real) Lie algebra qr of G. The groups G, 
SL2(R) and PSL2(R) have the same Lie algebra, since they are locally isomorphic. The Lie algebra ele- 
ments con^esponding to n, a and k are, respectively, 

(5.6) X = (•"), IhJ'" and W = ( »'). 

^ \00/ 2 \ 0-l/2j' \-10/ 

The Lie algebra acts on the functions on G by differentiation on the right: YF{g) = dtF{gexp{tY))\t=Q for 
Y e Qr. This action can be extended to the complexified Lie algebra g = C ®ir Qr, and to the universal 
enveloping algebra of g. All the resulting differential operators commute with the action of G by left 
translation. With the identification of G as § x R we have in the coordinates given by (x + iy, &): 

d,, H = 2ydy, W = 
H + /(2X-W) - e^'^i2iyd,, + 2ydy-idff), 
H-/(2X-W) - e'^'^i-2iyd,- + 2ydy + idff), 

-^E*E^ + + = -y^dl-y^dl + ydA.. 

The Casimir operator on generates the centre of the enveloping algebra of g. The corresponding differential 
operator commutes with left and right translations in G. 

5.3. Cofinite discrete subgroups. To a cofinite discrete subgroup F of PSL2(R) we associate its full 
original f :- pr^'F in G. This gives a bijective coiTcspondence between cofinite discrete subgroups of 
PSL2(R) and cofinite discrete subgroups of G that contain the centre Z = (^), where ^ :- k{n). The 
projection pr induces an isomorphism F = f /Z. 

As an example we consider the modular group Fmod - PSL2(Z), with coiTcsponding group fmod c G. 
It is known that PSL2(Z) is presented by the generators S = ±('|'^q^ and T = ±(o I) relations 
52 ^ {TSf = I. 



X - 

E+ - 
E" = 

CO - 
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Set s := k{-n/2) = ( ? "i) and t := n{l) = with pr{s) = S and pit?) - T. Then - k{-n) - ^ 
Z, so 5 and f generate t^y^od- The relation 5^ = / is replaced by the centrality of 5^. We have 



-1 € 



ts{i,0) = M(/,0) - fjM(/,-arg/) = (i-i,-;r/2-argl)-(J Jl(/,0) - (/+l,-;r/2). 



So = ^ [ and it corresponds to (/ + 1, -njl) in § x R = (5. Hence 

its? = ?.|J~JJ(/+l,-7r/2) = ?^(-i-,-^-ai-g(/+l)) 
1-1\ /+1 37r i-\ 3n 

= ii,-n) = = s\ 

The conclusion is that fmod has the presentation with generators s and t and relations s^t = ts^ and tstst = s. 
This implies that the linear- space hom(fmod> has dimension 1, and is generated by a : t ^, a : s i-^ ^ . 
For reasons that will become clear later, we take this basis element, and not an integral- valued one. 

5.4. Canonical generators. The canonical generators of F induce canonical generators of f : 

• Elements tti, . . . , n„^.^^ of the form nj - gic.n{l)g~^ fixing a system of representatives /ci, . . . , /c„p^ 
of the f -orbits of cusps. 

• Elements ei, . . . , e,?^,, conjugate in G to k(n/vj) with vj > 2. 

• Elements . . . , T]2g conjugate in G to elements a{tj) with tj > 1. 

• The generator ^ = kin) of the centre Z of f . 
The relations are: 

^ is central , 

(5.8) - ^ for 1 < 7 < n^a , 

TTi • • • 7r„^^,.ei • • • £„^„ [771 , 772] • • • [772,_i , 772,] = ^29-2+«p.-+«eU . 

The integer 2^-2-1- 7ipar -i- 7ieii is always positive. For these facts see fSl, §3.3. 

If «eii > or if 2^ - 2 -I- Tipar = 1 and ?ieii = 0, we do not need ^ as a generator. If «eii - the group f is 
free on ni, . . . ,n„^^^^i,T]i, 772^, ^. 

Among the canonical generators we single out the following elements: a\ = ni, . . . ,an^,^.~i = ^;ipa,-i, 
a„p^ = 771, . . . , at(Y)-i = r]2g, ^((r) - ^- (We recall that ?(F) = ?ipar -1- 2g.) The aj together with the 
generate f , with s'j - ^ and the centrality of ^ as the sole relations. 

For the modular group fmod we have n^av - 1> «eii = 2, g - 0, and f(rniod) = 1- We may take 
nx=t = n{\), ey = s~\ and £2 = = k{nl2) = p~^k{nl'i)p, with p = n(-l/2)a( V3/2). 

By / we now denote the augmentation ideal of the group ring C[f]. In C[f] we have the elements 

(5.9) b(i) = (aid) -!)••• i'^iicj) - 1) i e {1, . . . , t{r) f . 



We allow ourselves to use the same notation as in (13. 8I ). since from now on we will use F. The centrality 
of ^ allows us to move (^ - 1) through the product. So it suffices to consider only ^7-tuples i for which all 
i(0 = f(F) occur at the end. Such ^-tuples we will call t-q-tuples. 
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Proposition 5.3. A C-basis of r^^^\I^ is induced by the elements 

(5.10) b(i) - (ai(i)-l)---K,)-l), 
where i runs over the Y-q-tuples. 

Proof. The ideal is generated by the products of the form (yi - 1) • • • {jq - 1) with yi,. . . ,yq e f. 
(Lemma 1.1 in IS].) With the relation 

{ys - 1) - (r - i){5 - 1) + (r - 1) + (5 - 1) , 

we can take the yy in a system of generators, for instance a\,. . ., at(T) - ■ ■ , £«eii • elliptic elements 

Sj we use ^ - \ = Z^io' ^f^i ~ 1) ^ ^Mj ~ ^) '^^at the aj suffice. (Note that Vj is invertible 

in C.) Since ^^(r) = ^ is central, we can move all occurrences of ^ - 1 to the right to see that the b(i) in the 
proposition generate /^^'\/*. 

To see that the b(i) are hnearly independent o ver C we proceed in rewriting terms ^{ai{ i ) - 1 ) • • • {anq) - 1 ) 
by replacing ^ e R := C[r] by n + ij with n e C and t] e I. In this way, we express each element of 
as a C-linear combination of products of q factors aj - 1 plus a term in I^, with N > q. To eliminate 
we consider the /-adic completion R of C[f], with closure of Each element of / D / is a countable 
sum of products of a complex number and finitely many factors aj - 1. Since /^''^^\/^ and /^^^\/^ are 
isomorphic, it suffices to prove that the b(i) are linearly independent as elements of /^+^\/^. 

We suppose that there are Xj e C for all (^-tuples i such that 

(5.11) ^^^'^'^'(i)- ^^■■■^"'('?)~ ^ 

We can write this element of 7^^^' as cj with cj e C, and running over the countably many products 
(Qfj(i) - 1) • • • {aj(,„) - 1) with m-tuples from |1, . . . , t{T)} for all m > q. 

We form the ring A'^ = C(Hi, . . . , S,(r)) of power series in the non-commuting, algebraically independent 
(over C) variables Hi, . . . , 5^, and the two-sided ideal ZinN generated by the commutators 

Ej E,(D - Et(T) Ej for 1 < 7 < t{T) . 

The quotient ring M := N/Z is non-commutative if t{T) > 3. The relations between the generators 
imply that there is a group homomoiphism (p : F ^ M* given by tp(aj) = I + Ej for 1 < j < t{T), and 



^(.,) = (i + H,n)^^ . Zf/I^in 

/>0 ^ ' 

This group homomorphism induces a ring homomorphism ip : R — > M, for which 

'^^(^i) = - 1) H(^i(2) - 1) • • • ^(^idii) - 1) = S' := Hi(i) Hi(2) • • • Sidii) . 

Now we have 

i i j j 

where i runs over ^-tuples, and j runs over countably many tuples with length strictly lai^ger than q. Hence 
all Xi (and cj) vanish. □ 
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So for f with cusps the trivial f -module r'^^\I'' is always non-trivial. The dimension is equal to the 
number of all F-^-tuples. Thus we have 



(5.12) dimc(/'^+'\/^) - niY,q) = J(f(r)-1)" 



m=0 



1 

q+l 

/(r)-2 



if?(r)- 1, 
if ?(r) - 2 , 
if t{r) > 3 . 



We obtain for each f -module V an exact sequence 

yf,./ _^ yi 

with 

(5.13) (m,/)i - /|(ai(i)-l)...(ai(,)-l). 

For the modular group, we have ?ipar = 1, ?ieii = 2 and ^ = 0, hence ?(rmod) = 1> and n(f^o<i, ^) - 1 for 
all q. So in contrast to Fmod^ for fmod we may hope for non-trivial higher order automorphic forms. 



6. Maass forms with generalised weight on the universal covering group 

6.1. The logarithm of the Dedekind eta function. In the introduction we mentioned that one of the 
motivating objects for the study of higher order forms on the universal covering group is the logarithm of 
the Dedekind eta function. Its branch is fixed by the second of the following expressions: 

DO . DO 

(6.1) l0g77(z) = ^+_^log(l-^.2™.) ^ ^_2^^^^(„)^2™. 

H=l n=\ 

where cr„(?i) d". One can show that its behaviour under Fmod is given by 

ni 1 ni 

(6.2) log?7(z-F 1) = log77(z) -I- — , log?7(-l/z) ^ log?7(z) -I- -logz- J . 

Except for the term 5 logz this looks Uke a second order holomorphic modular form of weight zero. In 
the next few sections we make this precise by generalizing the concept "weight" of Maass forms, and 
replacing the group Fmod by the discrete subgroup fmod of the universal covering group of SL2(1.), using 
the notation we introduced in the last section. 
We first define the following function on § x R: 

(6.3) L{z,-9) = ^log?/ + 21og77(z) + 

With (16.21 ) we check easily that L{'y(z, '&)) = L(z, ■&) + ia{y) fory = t and y = s, where a : fmod f Z is 
the group homomorphism at the end of 95.31 Thus L has the transformation behaviour of a second order 
invariant in the functions on G for the action by left translation. 

Routine computations show that L satisfies E L = 0, WL - i and coL - j. 
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6.2. General Maass forms on the universal covering group. The considerations on the function L on 
G induced by the logarithm of the eta functions lead us to the definition of Maass forms on G. 

We first establish appropriate notions of weight and holomorphicity. We say that a function / on G has 
(strict) weight r e C if f{z,'d-) - e"'^/(z, 0). Such a function is completely determined by the function 
fr{z) = fiz, 0) on § and satisfies W/ - irf. 

The left translation of / by g, with - ( ^ ^) ^ SL2(Z), induces an action | of G on the space of functions 
of strict weight on G. On the other hand, G acts on the space of corresponding functions fr on § via 

CZ + a 

The latter action corresponds to ( 14.71 ) when r e Z. In general, this is an action of G, not of SL2(1R). The 
map f ^ fr defined above on the space of functions of strict weight is then equivariant in terms of these 
actions. 

Many important functions on G, such as L, are not eigenfunctions of the operator W, but they are 
annihilated by a power of W. This suggests the following definition. 

Definition 6.1. An / e C°°{G) has generalised weight r € C if (W - />)"/ - for some « e N. 

Thus, L and all its powers have generalised weight 0. 

Next, holomoiphy of Fr = y^'^^fr coiTcsponds to the property E"/ = 0. 

Definition 6.2. We call any difi"erentiable function / on G hoJomorphic (resp. antiholomorphic) if E~/ = 

0, (resp. 'E'^ f = 0). We call any twice differentiable function / on G harmonic if it satisfies ojf = 0. 

Note that, for functions of non-zero weight, this definition of harmonicity does not correspond to the 
use of the word harmonic in "harmonic weak Maass forms" in, e.g., ifTI . 
With these definitions we set 

Definition 6.3. Let k,AeC. Let f be a discrete cofinite subgroup of G. 

1. The space £/t(f , A) consists of the smooth functions / : § x 1. ^ C that satisfy: 

a) (Eigenfunction Casimir operator) caf = Af. 

b) (Generalised weight) (W - ik)"f = for some n e N. 

c) (Exponential growth) There exists a e R such that for all compact sets X and c R and for all 
cusps /<- of f we have 

(6.4) fig,{x + iy,&)) = 0{e"'-') 

as 2/ — > oo uniformly in x e X and & e &. 

ii. 

Ek{r,A) ■.= Sk{t,Af 

(where f acts by left translation). The elements of Eicit,A) are called Maass forms on G of generalised 
weight k and eigenvalue A for Y. 

The space ^^(f , A) is infinite dimensional. Further, since oj and W commute with left translations in G, 
the space &k(y'. A) is invariant under left translation by elements of f . 

When k € 2Z, the space £'yt(r, A) can be identified with E^if, A). We prove the following slightly 
stronger statement. 
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Theorem 6.4. Let Y be a cofinite discrete subgroup of G, and let k,A &C IfSk{t, A)^ contains a non-zero 
element f, then k eTZ and d^f{z, ?9') = ikf{z, ff). 

Ifk e 2Z, then the elements f e Eii{r, A) correspond bijectively to the Maass forms F e SjtCr, A) by 

fiz,i^) = y"^F(z)e''''. 

So the condition of Z-invariance implies that the weight k is even, and that the weight is strict, i.e., 
condition b) holds with n = I. 

Proof of Theorem W4\ Any smooth function / e C°°(§ x R) satisfying b) in Definition [63] can be written 
in the form f{z, &) = T.%o ^i(z) ^'""^ with ipj e C~($). 

If such a function is left-invariant under Z, then the action of k{nm) e Z c f , implies for each m € Z: 

^nikm ^ (pj{z)e"'^{& + nmy - J] (fij{z)e"'^-&^' for all m e Z . 
j J 

With induction this gives k e 2Z and ipj = for j > 1, hence f{z,'&) = (poiz)e'^^. Moreover, the 
stronger condition / e Ek{t, A) = &k(r, A)^ can be checked to be equivalent to e E^iF, A) for 
Fk(z) = y-'^^f{z,0). □ 

We have the following generalisation of Theorem 14.21 

Theorem 6.5. Let T be a cofinite discrete subgroup of G with cusps. Then the T-module £/t(r, A) is 
maximally perturbable for each k e 2Z and each A e C. 

In Section [8] we will prove this theorem. In this section we will show that it implies the corresponding 
result for ^^(r, A). We first give some facts that are of more general interest. 
The map identifying Ek{r, A) and £^(f , A) can be extended to an isomorphism 

fi:6k(r,A)^Sk{r,Af. 

Since the centre Z of f acts trivially on £/t(f , A)^, it can be considered as a F-module. With this interpre- 
tation we obtain an identification of the F-modules £/t(r. A) and &ki^, A)^. Specifically, for F e £/t(r, A), 
g € £/t(f , A)^ we have 

W)iz,^) = y"^F{z)e''\ 
(j^~'g)iz) = y'"^giz,0), 
muy) = iJiFMy) (ref), 

l2-\g\Z6) = I2'\g)\kv-\ZS) (Set), 
where v denotes the isomorphism identifying F with Z\f . 

Proposition 6.6. Let V be a cofinite discrete subgroup of G with cusps, and let F = pr^^F. If the Y -module 
V is maximally perturbable, then the subspace V^, considered as a T-module, is maximally perturbable. 

Proof. The projection pr : f ^ F induces linear maps pr : C[f] C[F] between the group rings, 
pr : If. It between the augmentation ideals, and pr : /?'^'\/? — > I^^^\I^ for all q eN. Since, pr(Ai) - ofj, 
on the basis elements bp(i) in Proposition 15. 3l and br(i) in (13.81 ) we have for f -^-tuples: 

fbr(i) if i(/) < tiD for / - 1, . . . , ^ , 
(6-6) prbf(i) = \ 

ifi(^) = ?(r). 
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This means that we have the commutative diagram 

^ V^-'^ ^ V^'-^+i ^ hom(/^+^/^, V^) ^ 

iVY'" hom(/f ^/^, (V^f) 

where the vertical aiTow sends / : {V^f = to f : such that /(bf(i)) - 

/(br(i)) if i e { 1, . . . , t{Y) - 1]'^, and /(bf(i)) - otherwise. 

We want to write a given / : (V^)^ as m^vo with vq e (V^)^'''"'^^ . By assumption, there is an 

element v e V^-''^^ such that m,^v = f. If v\(^ - 1) ^ 0, then v e V^^''^^ nV^ = iV^f'''^\ and we ai-e done. 

Suppose that w = v\{( - I) 0. Take r e [1, q] minimal such that w € V^'''. We will show that we can 
replace v by another element vi e v + V^''^ with vi\{( - 1) e V^'''^ and ri < r. Repeating this process brings 
us eventually to Vj\{( -1)^0. For this vj we will have vn^vj = f and Vj\{( -1)^0 which, according to 
the remark of the last paragraph suffices to prove the proposition. 

From w\{yi -!)••• (y^^i - 1) = v\{yi -!)••• (y^_i - 1)(^ - 1) ^ /(yi , • • • , y,^_i , ^) ^ we conclude 

that r < ^ - 1. Define g e hom(/!:+^/^, V^) by g{hfQ)) = wKcjd) - 1) • • • (aj(r-i) - 1) if the f-r-tuple 
j satisfies - t(r) and ^(bf(j)) = otherwise. There is m e 
vi = V - u e V + V^'''. We check that for all f -(r- l)-tuples j 

Vi\i^ - l)(Q'j(l) -!)••• iaj(r-l) - 1) 

= MCajd) - 1) • • • (Q;j(r-i) - 1) - "Kajd) -!)••• (aj(r-i) - - 1) 
- 0. 

This shows that vi\{^ - 1) has order less than r. □ 

Proof of Theorem \4~2\ From Theorem [631 V = &ki^,Ak) is maximally perturbable. Therefore, by Propo- 
sition [6i6l the space £^:(f , A^)^ = £^:(r, A^) is maximally perturbable too. □ 
This proof illustrates the fact that, for groups with cusps, there are really more higher order forms with 
generalised weight than with strict weight: The basis in Proposition 15.31 is for all such discrete groups 
larger than the coiTcsponding basis in 33.2.11 

6.3. Holomorphic forms on the universal covering group. 

Definition 6.7. For ^ € 2Z we define 'K^.(f ) as the space of elements of C°°(§ x R) that satisfy 

(1) (Holomorphy) E'f = 0. 

(2) (Generalised weight) (W - ik)"f = for some n eM. 

(3) (Exponential growth) as described in condition c) in Definition l6.3l 

This is a f -module for the action by left translation. We denote by 9i^(t) (resp. TY^Cf )) the space of 
/ e 7-4(f ) satisfying /{g^ix + iy, &)) = 0(y'^) for some C e R (resp. fig^ix + iy, ■&)) = OCe"^) for some 
a < 0) instead of (16.41 ). 

We will prove: 

Theorem 6.8. Let T be a cofinite discrete subgroup ofG with cusps. Then the T-module 'Ki(r) is maximally 
perturbable for each k e 2Z. 
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Proof of Theorem W3\ As in the case of general Maass forms, we can show that, for k e 2Z, (F, Au) = 
TYjtCf)^. Then, Proposition I6.6l imphes Theorem l4.3[ □ 

Second order forms and derivatives of L-functions. With this definition, L is a second order invariant 
belonging to 'Ko(fmod)^'"°'''^- (Incidentally, this example shows that, for generalised weight k, the space 
'Hki^) need not be contained in SkiT, /l/t)-) 

Based on L we can construct a second-order form which is related to derivatives of classical modular 
forms. Specifically, for positive integer N, denote by the group generated by g, g e< Tq{N), > 

where W;v-(v]?"'^"(l)- Set 

Li{z,&) = L{z,-9) + L{Nz,'9). 
Using the transformation law for L and the identity ('^ (^^ rf) ~ (c ^rf) i)' ^routine calculation implies 
that, for some /3 e Hom(GA^, C), 

L\{y{z, = Uiz, )?) + i/3{y), for all y e Gn- 

Let now / be a newform in the space 52 of cusp forms of weight 2 for Tq{N) such that its L-function Lf(s) 
vanishes at 1. Then, f{WNw)d{WNw) = f(w)dw and, for all ■& eR, 

I f{iy)Li{iy,-&)diy ^ - I f{iy)Li{iy,-&)diy ^ - ( f{WNiy)Li{WNiy,'&)d{WNiy) 
,^ rn. Jo JwnO Jo 

^- I f{iy)Li{WNiy,-&)diy. 
Jo 

Since Li{z,-& + x) = Li{z,'&) + 2ix and Lf{l) = In f(iy)dy - 0, our integral is independent of It 
further equals 

(6.8) - f(iy)LiiWNiiy,0))diy-- fiiy)iU{iy,0) + i/3(WN))diy ^ - f(iy)U{iy,0)diy 
Jo Jo Jo 

Therefore, f{iy)U{iy,0)dy = - ]^ f{iy)U{iy,G)dy,i.t. 

f{iy)L\{iy,0)dy - and hence 

^0 

poo r*oo 

I f{iy) log ydy + 2 ( f{iy)u{iy) dy = Q 
Jo Jo 

J-OO 
^ f{iy) log(y)dy, we can 

retrieve, from a alternative perspective, the formula 

f{iy)u{iy)dy 

first derived in ifTTTl . 

Thus, Goldfeld's expression of L'^ W is equivalent to the orthogonality of Li e 'H^iGN)^^''^ to ^2 
(Ga?)*^" in terms of the pairing 

<•, •> : IH'^iGNf' X 9{i;iGNf''- ^ C 

defined by 

r~ dy 
{g,h) = g{iy,0)h{iy,0) — . 
Jo y 



f 

Jo 
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6.4. Examples of higher order forms for the full modular group. Theorems l6.5l and [0] show that there 
are perturbations of 1 for the full original fmod of SL2(Z) in the universal covering group. Since tiVmod) = 1 
all these perturbations are commutative (see (15.121) ). 

1 . The function L can lead to second order harmonic perturbations of 1 . Specifically, although L i £o(0)'^'^ 
(because ujL = the imaginary part Im L : (z, ??) i-^ 2 Im log 77(2) + is harmonic, has second order, and 
con^esponds to the linear form a e Mult^(fmod> C). It has generalised weight 0, and it is not holomorphic. 

2. Set Xr - e''", r e C, where a e hom(fmod, C) is given by ^(^(l)) - f and a{k{nll)) - f . The family 
(6.9) r^e'^^'^^ = /'^ r](zf'' e''^ 

consists of elements of ^^^(f ) that are fmod-invariant under the action given by 



if\7)(z) = f{yz)xr{y). 
By Proposition I4.4[ for ^ > 1 the derivative 

is a holomorphic perturbation of 1 of order k+\. The corresponding element of Mult*(fmod> C) is i^ k \ a^'^. 

3. It is possible to obtain a more or less explicit description of a harmonic perturbation of 1 of order 3. We 
sketch how this can be done with the meromorphic continuation of the Eisenstein in weight and spectral 
parameter jointly. This family is studied in 121. In that work, automorphic forms are described as functions 
on § transforming according to a multiplier system of Fmod- These correspond to functions on G that 
transform according to a character of fmod- CaiTying out the reformulation, we can rephrase §2.18 in [21 
as stating that there is a meromorphic family of Maass forms on U x C, where U is some neighborhood 
of (-12, 12) in C. We retrieve the exact family studied in Q by considering z ^ E{r, s;z,0). For each 
{r,s)e UxC at which E is not singular it is an automorphic form of weight r for the chai-acter;^^^ = of 
fmod with eigenvalue /l^ = | - 5^. It is a meromorphic family of automorphic forms on fmod with character 
Xr with a Fourier expansion of the form 

(6.10) E{r, s) - fir{r/n, s) + Co(r, 5)//,-(r/12, -s) + ^ C„(r, s) cj,-{n + r/12, s) , 

where the C„(r, s) are meromorphic functions, and where we use the following notations. 

cu,(v, s; z, &) - e'"'" lV,.sign(Re v)/2,.(47rv Sign(Re v)y) e''^ , 

(6.11) 

Hr(v,s;z,'&) = e^^'^'y-^^' iFii{ + s-^;l+2s;4nvy)e"'^. 
This family and its Fourier coefficient Co satisfy the following functional equations. 

E(r,-s) = Co(r,-s)E(r,s), 
E(r, s; —X + iy, - ff) - E{-r, s;x + iy, d) . 

Further, the restriction of this family to the (complex) line r = exists, and gives a meromorphic family of 
automorphic forms depending on one parameter s. This is a family of weight zero, so it does not depend 
on the parameter & on G. The resulting family on § is the meromorphic continuation of the Eisenstein 
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series for Fmod in weight 0, with Fourier expansion 



(6.13) 



where 



E(0, s) ^ no(0, s) + -— iuq(0, -s) 



r(.+ i)^(2.+ l);f^ |„r 



> , r ^o(n, s) . 



+s 



coo{n,s;z,&) - e^™'" Wo,.(47r|«|i/) = e^"'"" 2\n\^'^ K,{27T\n\y) . 

At (0, -j) the family E is holomoiphic in both variables r and s, with a constant as its value at (0, -j). 
(This is a consequence of Proposition 6.5 ii) in 12].) So in principle, we obtain higher order harmonic 
perturbations of 1 by differentiating r i-> E(r, -^). Here we encounter the problem that we have an explicit 
Fourier expansion ( 16.131 ) only for £(0, s) and thus we cannot describe the derivatives in the direction of r 
directly. To overcome this problem we use the fact that for r near we have 

Eir,-^;z,^) - Hriz,m = 
(6-14) _ 



E{r, —-^Z^m = H^r{-Z,-&) = e-'-^^-^'^K 

The proof of the first equality is contained in 6.10 in |[2l. The second one follows from the second func- 
tional equation in (16.12b . Now we use the Taylor expansion of E of degree 2 at (r, s) = (0, -^): 

E{r, s) = 1 + r Ai,o + (s + ^ M,i 

(6.15) ^ 2 ^ ^ ^ 

+ 2^"^ ^2,Q + ris+-) All + -{s + -f Ao,2 + • • • 

By Proposition |4.4[ the coefficients Ai o and A2,o ai"e harmonic perturbations of 1 of order 2 and 3, respec- 
tively. From (16.141) we obtain the following results: 

A\fl - /ImL, Ao,i - 2ReL, 

(6.16) 1 , 2 

^^2,0 + ^^0,2 = ReL , Aij - /ImL . 

This confirms that ImL is a second order harmonic perturbation of 1. Differentiation in the direction of s 
preserves fmod-invariance. So Aqj - 2ReL and Ao,2 are fmod-invariant. However these functions are not 
in the kernel of o). 

Thanks to the identity A2,o + \^o,2 = ReL^, to determine the third order harmonic perturbation A2,o it 
suffices to explicitly compute Ao,2 because Re L^ is known in a fairly explicit way. The function Ao,2 can 
be obtained as the coefficient of ^{s + j)^ in the Taylor expansion of £"(0, s) at s - As a by-product of 
this computation we will also obtain the fmod-invariant function Ao,i as the coefficient of 5 -i- 5 in the same 
expansion. We shall examine each term of the expansion separately. 

Set ^ := s + ^. The first term of our expansion is 

(6.17) l^oiO,s;z,0) = y^-"-' = I + ^logy + f^{logyf + ■ ■ ■ 
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For the next term j^^^fi(0,-s;z,0) - ^^^^iuiO,-s;z,0) with A{u) = /r^''/^ r(f) ^(w) - A(l - u), 
we define ao and bi by 



(6.18) Ail+h) = +ao + --- , A{2 + h) = '- + bih + ■ ■ ■ . 

6 

We get 

A{2s +1) 3 3 3 

For the other terms we use 

+ 5) Jo f 

W^ai/2(0 - ^-1 = e"^ 

I , t r°° X 

-5,Wo,.(OL_ 1 - 5,Wo„v(0 ,_i - --^r'(l)- 1 + 6^-5 e-MogWl + -))Jx 

= e~^-(-Y'{\) + Y'{l) + J e'" \ogil + ^) dx^ 

, C"" , dx , C"" ,dx 

(part, mt.) = e~^- e'"" = e^- e'^ — = e^-Yi^J) , 

Jo + f J/ ^ 

with the incomplete gamma-function Y{a, i) - e'"^ x^'~^ dx. With these ingredients: 



o-2A\n\) 



A(2s + 1) \n\' 

(6.20) '^l'"! 

+ (2e2'^l"l^'r(0, 4jT\n\y) - le'^^^'^^y log — - 4ao e'^-"^"^") f + e^™^ 

\n\ I 

The results in (I6.17I ). (16.191) and (16.201 ) confirm that the constant term equals 1, and that 

Ao,i(z, 0) - log ?/ - - 2 2] 2] -(^" + r) - 2Re (- log + - J] cr_i(«) ^") = 2ReL(z, 0) , 

;i>l «=1 

with the notation q = e^^^''-. The term of order 2 leads to: 

Ao,2(z, 0) = (log + {8bi - -j^ + — log y) y 

(6.21) ^ 2|_4^Q cT_i(«)(^" + r) + 2cr^i{n) {q-" + r") RO, 4nny) - 2(q" + q") ^ i^i^^) , 

which is a complicated, but explicit expression. 

A remai^kable aspect of this computation that we have used an explicit computation of the derivatives 
of the Eisenstein series in weight zero to compute the second derivative in the r-direction of the more 
complicated Eisenstein family in two variables. The basic observation is (16.141) . which shows that the 
Eisenstein family has easy derivatives in two directions. The Taylor expansion of E at (0, -^) has thi^ee 
monomials in order 2. So it suffices to compute a second order derivative in one more direction to get 
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hold of all terms. Higher order terms in the Taylor expansion have too many monomials for this method 
to work. We do not know how to compute all harmonic perturbations of 1 of higher order. 

7. Higher order Fourier expansions 

This section is needed for the constructions on which the proofs of Theorems |6.5| and |6.8| are based, but 
it is also of independent interest. It provides a higher-order analogue of the classical Fourier expansions. 

7.1. Fourier expansion of Maass forms. If / is in Er{t, A), then for each cusp at of F there is a Fourier 
expansion 

(V.l) fig.g) = yp^^vKg), F,J{g) = f e~^'''''' f{g,n{x)g)dx, 

V Jo 

where v runs through a class in C mod Z determined by x and the cusp k. The function Fyf satisfies 
FK,vf{z,m = e^""'F,yf{iy,0)e'"^ and ojF,,,/ = A F,^,f. 
For each given y, r and s set 

(7.2) nV,(y, s) ■= {f:G^C; ajf = {]^- s^)f, f{z, 6) = ^'^---^''-^(/i/, 0)}. 

Because of the second relation in the definition, / e "Wriv, s) can be thought of as a function of y. 
Therefore the space "Wriv, s) is isomorphic to the space of / : R ^ C satisfying 

(7.3) - y^h'^y) + {4n^vV - ^nvr y-'j + s') h(y) - 0. 

It is convenient to write A = A^ = j - with s e C. We can choose a fixed s with Re 5 > corresponding 
to the eigenvalue A = As under consideration. The spaces "Wriv, s) are two-dimensional. We will use the 
basis elements in §4.2 of Q. 

• For Rev a basis of "Wriv, s) is formed by 

co,.{v, s; z, i}) - e^"'"' lV,sig„(Re v)/2,.(47ry Sign(Re v)y) e''^ , 

^ ^riy,s;z,&) = e2-'"W_,-sign(Rev)/2,.(-47rySign(Rey)i/)e''-^ 

Here W^,.v(0 is the Whittaker function that decreases exponentially as f — > oo. We use the branch of Wk^s(z) 
that is holomorphic for -| < argz < y- The asymptotic behaviour as j/ — > oo, by §4.2.1 in 11211 is: 

(7.5) C0r{v,s;z,'&) ~ (47ry£i/)'-^/2g2;ry(k-'^y)+,>^^ 

(7.6) cbriv,s;z,m ~ e-''"-^'H47:svyy''^ e^^'^'-'^'y^^''^ , 

where e denotes Sign(Re y). The subspace of 'Wriv, s) generated by oJriv, s) is denoted by 'lV|?(y, s). 

• For V = 0, a basis is given by [y'-^''e"'^, y^'^e"'^} if s t and [y^e"^^, y^ log ye"'^} if 5 = 0. 

The following proposition characterises functions with exponential growth in terms of Fourier series. 

Proposition 7.1. Let k e 2Z, Re^ > 0. Suppose that the function f e C°°{r\G) satisfies ojf = A^f and 
W/ - ikf. Then it has at each cusp k an absolutely converging Fourier expansion 

(V.7) f{g,g) = YjP^^nfig) 

neT. 

with F^^n f € ^kin, s). Moreover, f € Ek{r, A^) if and only if there exists N > such that all Fourier terms 
FK,n f with \n\ > N are in 'W'^in, s)for all cusps k. 
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Proof. The existence of such a Fourier expansion is a standard result. A detailed proof in a more general 
setting can be found in 131, §4. 1-3. 

Fourier terms of automorphic forms inherit the growth behaviour of the automorphic form. So if / is 
in &k(J', ^i)> all Fourier terms satisfy F^^yfiz, &) = 0{e"^) as i/ ^ oo for some a depending on /. Each 
Fourier term of non-zero order is a linear combination of a>k(n, s) and ajk(n, s). From (17.61) we conclude 
that is a multiple of cotifi, ^) for all but finitely many n. 

Conversely, suppose that for the cusp k we have F^^nf - c„ tOkin, s) for all n with \n\ > N. Then 
(17.5b and the convergence of the Fourier expansion at iz,'&) = iiyo,0) with yo > implies that c„ = 
0{y~''^'^"^"^'^e^''^"^'-'°). This in turn shows that the sum over \n\ > N gives a bounded contribution in (17.7b 
for all y large enough. The terms with \n\ < N cannot give a growth at the cusp k larger than 0{y'' e^"^^''^^^) 
for some a > 0. □ 

Remark 7.2. The f -invariance in Proposition 17.11 is not necessary. Invariance under only the parabolic 
elements of f suffices. If we work with functions / on [{z,'&) '■ y > yo] for some y^ > Q that satisfy 
<^f - ^sf, W/ - ikf and ai^e left-invariant under {«(/) : / e Z), then there is an expansion like in (17.7b 
on the set y > yo, and exponential growth of such a function is equivalent to the statement that all Fourier 
terms of sufficiently large order are in "W^in, s). 

7.2. Higher order Fourier terms. The higher order invariants of 'Vkin, s) that we will define now are the 
higher-order analogues of the classical Fourier terms. 

Definition 7.3. Let k e 2Z, n e Z, and 5 e C. By "Vkin, s) we denote the space of functions / on G that 
satisfy cof = A^f, have generalised weight k, and satisfy {dx - 2nin)"^f - for some m e N (which may 
depend on /). 

For « 7!: we denote by 'y°(«, s) the subspace of / e "Vkin, s) that satisfy f{z, &) - 0{y" e~'^"^"^^) as 
J/ —> 00 for some a eR. 

The free commutative group A generated by t = ?i(l) and ^ = k{n) acts on these spaces by left transla- 
tion. 

Proposition 7.4. Let k, n, s be as above. The A-modules "Vkin, s) and 'V^(«, s) are maximally perturbable. 

For each q eN the elements f e 'V<:(«, 5')'^'''' satisfy, for each 6 > 0, 

(7.8) f{z,-&) «5 e^^"^"^^^^" (y^co) 

uniformly for x and ■& in compact sets. If n t then for each q eM the elements f € "V^in, s)^''' satisfy, 
for each S > 0, 

(7.9) f{z,-&) «5 e^-'-^'^l'*^ (y^oo) 
uniformly for x and in compact sets. 

Proof. To prove that "Vkin, s) is maximally perturbable, we start with a characterisation of the space 
"Vkin, s)^. We first note that 'Wk{n, s) c "Vkin, s)^. Conversely, if / € 'Vk{n, s)^, then the reason- 
ing in the proof of Theorem 16.41 shows that the weight of / is strict, and also that dxf - 2mnf, hence 
f{z, '&) = e^™^f{iy, ■&). So / e "Wkin, s). If, for n 0, the function / is also exponentially decreasing it 
has to be a multiple of cokin, s). Therefore, "V^in, s)^ = "W^in, s). 

Let / be an arbitrary element of "Wkin, s). Since each of the basis elements of "Wkin, s) is a specialisa- 
tion of a holomorphic family of elements of "Wriv, s), there is a holomorphic family of h{r, v) e "Wi-iv, s) 
such that hik, n) = f. We have /z(r, v; n{^)k{€n){z, &)) = e2;r,vf +;r,>^ ^^^^ for ^ e R and £ e Z. 
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Next consider the polynomials Qq e Q[X] of degree q defined by 

(7.10) Go = 1, G,+i(X + l)-G,+i(X) = e,(X) and e^(0) - for ^ > 1 . 
Then for each m - (mi, mi), mj > set 

(7.11) h'^{n,s) = Q,nATid,)Qmiwi^v)Kr,v)l^,^,.^,. 

Upon applying the differential operator -^^d" on h{r, v)|(t - 1) = {e^"" - l)h{r, v) we obtain 

t(:h'<r'^ - ((M->r-(M)>(-)- 

(7.13) Q„^[±..d,)h{r,v)\{T - I) = [Q„^^(±..d, + I) - Q^^i^.dy))h{r,v) = Q,n,-ii^idy)h{r,y) . 

Since t, ^ commute, this implies h'^{n, s)\{t - 1) = s). Likewise, we obtain the transformation 

law h^{n, s)\{^ - 1) - hf'~^''"'^\n, s). Therefore, for h+l2 = nn + (hJi > 0), 

(7.14) h^^'''"'\n, s)U - 1)'' (r - 1)'^ = 5m,,/,5,„,,/J , 

thus obtaining the maximal perturbability of 'Vk{n, s). For convenience, we shall call perturbations statis- 
fying the transformation law (17.141) perturbations of type m. 

Based on 'V^^{n, s)^ = 'V/j^{n, s), we deduce in an analogous way the maximal perturbability of 'V^(n, s). 

To prove (17.81) and ( 17.91 ). we first note that the maximal perturbability we have just shown implies that 
the functions /i™ constructed from /'s ranging over a basis of "Wkin, s) (resp. "W^in, s)) induce a basis of 
the quotients ^A.^+i^ryA.t, Therefore, it suffices to show (17^ and dT9l ) for /j™ only. In the case n 0, 
the family h may be taken to be oJriv, s) or a),-{v, s) in (17.41) . For these functions the question reduces to 
the asymptotic behaviour of dld^W^^sit), since the factors e^'^'" and e'"* produce polynomials in x and ??, 
which yield constants when they vary through compact sets. The differentiation of An Sign(Re v)vy yields 
only a power of y, which can be absorbed by the factor e^'^ . 

Differentiation of ^^,^(0 with respect to t does not change the exponential part of the asymptotic be- 
haviour, since derivatives of W^^sit) are linear combinations of W^^sit) and Wk+i,.v(0 with powers of t in the 
factors. See (2.4.24) in 11211 . So we have to look only at differentiation with respect to k. 

For ? e 1. with t>0, K-^-si^ -1, -2, . . . , we shall use the integral representation (3.5.18) in 11211 : 

1 1 /^oo ^ ^ 

(7.15) W^,{t) = ^TiK+- - s)e-'l'^f \ e-^^-xf-^l + -f^^-h dx 

Ini 2 J(o+) t 

where the contour comes from oo along a line slightly above the positive real axis, encircles with radius 
5 < \ and then goes back to cx) on a line slightly below the positive real axis. By a routine computation we 
see that the part of the integral over the circular part is 0{e^^'^). The integral over the remaining part of the 
contour is 0{\t\^) {A e R). In all cases, the implied constants does not depend on t. Differentiation in terms 
of K on Wic^s{t) leads to the appearance of additional factors log(-;c) and log(l + xjt) in the integrand. The 
arguments used in the last paragraph imply the same estimate. Thus we get the desired exponential decay 
of the perturbations of ojkin, s). 

The representation (17.151) is valid as long as -t = e'^'h is outside the path of integration. If we tilt the 
path of integration anti-clockwise by an angle <p we get a representation of W^^sit) for e^^'t outside the 
new path of integration, provided we keep (f e (-|, |) to have convergence. For < (p < ^ this gives 



(7.12) {2m) I (t-1) = 

Therefore, 
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a representation that can be used for aig{e''"t) = with \t\ > 5, which leads to the desired growth of 
perturbations of OL>k{n, s). 

\f K - ^ - s - -\, -2, ... we take < i/j < | and transform the integral representation ( I7.15I ) into 



p-jt fK iif{s-K+\l2) noo . , . 1 

(7.16) = -— ^ e-'"''u'-''~^-{l+e''^ulty^'~^- du, 

Y{s + \ - k) Jo 



Proceeding as before we obtained the same estimates. 

All these estimates taken together prove (17. 8I ). (17.91 ) (when n + 0). They further show that the derivatives 
of a family with exponential decay have exponential decay and thus "V^in, s) is also maximally perturbable. 

In the case « = we might use the same method. However, many families of special functions have to 
be considered to cover all cases. Instead we argue directly that we can find functions /i™(0, s) in 'VkiO, s) of 

the form Pmi^, y, '9') y^~^ ^'^'^ where pm is a polynomial in three variables with degree mi in and degree 
m2 in X. If the coefficient of {F'^x'"^ in this polynomial does not depend on y, this leads to a perturbation 
of yi-^e''^^ of type m. Such functions satisfy the required estimates, with a polynomial factor y^ instead 
ofe^y. The remaining task is to check that they can be chosen to satisfy (oj - | + s^) /z"(0, s) = 0. We do 
this by induction in the degrees in ■& and x. We check that 

(w - ^ + 52)y"2y^±.v+fl^mig'M ^ ^ 2s)x"''y^--'^"'&""e"'^ + terms of lower degree mxor&. 

With a = this gives the top coefficient of p„,. Moreover, the terms of lower degree all are multiples of 
-^n2y2±s+a^ni^ik& jj^^ < j^^^ ^ ^j. ^ ^^^^ ^j^^ ^ ^ 2>q. Succcssivcly wc Can determine the 
lower degree terms, and arrange that /j™(0, s) is an eigenfunction of the Casimir operator oj with eigenvalue 

This takes care of the case n - 0, except if 5 = 0. It that case we also have to perform a computation 
involving yi*" log y, which we leave to the reader. □ 



Holomorphic Fourier terms on G are multiples of 
(7.17) Vriv-z,^) - y''^ e^"'"'^ e''^ . 

Thus we have the spectral parameter s = For real values of v and r we have 



(7.18) 77,-(y) = 



MO/-T-) ifv-0, 
e-'^''- (47r| v|)-'"/2 ojr{v, ± ^) if v < , 



with notations as in (17.4b and (16.1 lb . The functions 

(7.19) ilTin;z,m - Q,n,C-^^^) Qm(z)Vk(n;z,&) 
satisfy 

(7.20) m^,+,„277f : (^ - 1)'' (r - 1)'^ ^ 6„,,j,6„,,j, min) 

for l\ + h - 'Ml + m2, and as z/ ^ oo their growth is of order □(e'^''"^™^^). For the commutative group A 
and for a fixed m they yield a basis of the space of forms of order m\ +m2 + I modulo lower order forms. 
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As an example we note that the Fourier expansion (16.11 ) can be written in the following way: 
(7.21) L{z, &) - ni 77[,''°\0; z,^) + j r]^^'^\0; z, i?) - 2 J] cr-i{n) r]^P{n; z, &) . 

8. Proofs of Theorems 16.51 and | 6. 8 1 

The method of the proof is highly inductive. At each step we use the maximal perturbability of other 
spaces which has been proved in a previous step. The starting point for this process is the space Map(f , C) 
whose maximal perturbability is proved based on general algebraic principles in Proposition 18.11 This 
implies directly the maximal perturbability of the f -module Map(§ x R, C). We proceed by imposing 
increasingly stringent regularity conditions on the functions i5xR ^ C. We consider C'"()5xR) = C'"(G), 
the subspace C^(G) of functions in C°°{G) with generalised weight k and the subspace Ck of C^(G) of 
functions that have compact support modulo f . In ^we have considered higher order invariant functions 
for the group A generated by ?i(l) and k{n). These functions are related to the Fourier expansions of Maass 
forms. After proving that some more auxiliary subspaces of C^(§ x R) are maximally perturbable, we 
finally prove in g8.5l the maximal perturbabiUty of &ki^, A) and 'K^:(f ). 

8. 1. Higher order invariants in maps on f . A generalisation of Proposition [33] is the following: 

Proposition 8.1. Iff is a discrete cofinite subgroup of G with cusps, then the T -module Map(r, C) (with 
the action by left translation) is maximally perturbable. 

Proof. We first define (similarly to Proposition 13.31) gi on the free subgroup fo of f generated by ai, . . . , 
af(r)-i for i € {1, . . . , ?(r)- 1)^ by the relations in ( 13.91 ). with Aj replaced by aj. 

Let ^0 : f — > f be the surjective group homomorphism given by (poiaj) = aj for 1 < 7 < t{r)- 1, 
(foiO - 1 ^rid foi^j) = 1 for 1 < 7 < n^n. For 1 < 7 < t{T) we define tfrj e hom(f, C) such that if/jiaj') = 
6jj-'. This determines i/zj completely, since values on elliptic generators are given by = ^''PjiO- F™' 

i = (i', tiT), t(r)) with m coordinates t{r) at the end and i' e {1, ... , ?(r)- 1)'?"'", we put 

(8.1) fi(r) = gi' (My)) QmiMy)) 

where Q,, are the polynomials defined in (17.10b . Now we can check the following properties of fj: 



(8.2) 


f() 


= 1, 


(empty tuple, ^7 = 0) ; 


(8.3) 


fi(l) 


= 


if 111 > 1 ; 


(8.4) 


fil(^-l) 




ifi = (i'JiT)), 

if i does not end with a t{T) ; 


(8.5) 


fiKaj - 1) 




ifi-(7,i')withj<?(r), 
ifj<?(r),j^i(i). 



Using this we can see that 

(8.6) (m,fi)(ba)) - 

Now, the choice of the basis b(i) in ( 15. 9b for f -^7-tuples i shows that to prove that Map(f , C) is maximally 
perturbable it suffices to prove that for each i and for each function / on f \(5 a function hi e Map((5, C) 
such that for all f -^-tuples j: 

(8.7) /Jil(aj(i)-l)---(aj(,)-l) - 6ij ■ f . 
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To construct such functions we choose a strict fundamental domain c G for t\G, i.e., a set meeting 
each F-orbit exactly once. Such a fundamental domain can be constructed from a strict fundamental 
domain for r\§, by taking 

gf = {(z,m ■ ze g§,0<j?<7r/n-l, 

n- = mm{n e N : there is y e f fixing z in § conjugate to k(n/n)} . 

So = 1 for all z e gio, except for the elliptic fixed points zi, - - - ,Znj„ in g.?,. These are conjugate to a 
fixed point of sj and n.j = vj. 

A choice for the sought function /i, is then 

(8.8) hiiyg) = fi(y)/(^) yef, ^egf . 
With the characteristic function (A of gf, we can write this as 

(8.9) hiig) = Yj^i{y)f{g)^{y~'g). 

yet 

□ 

8.2. Higher order invariants in smooth functions on G. We will use essentially the same construction 
as in the last section to prove that 

Proposition 8.2. The T-module C'^{G) is maximally perturbable. 

Proof. In order to show that C°°{G) is a maximally perturbable f -module, we need to have (18.71 ) with h\ € 
C~(G) for each / e C~(f \G). Lemma|Aj]in Appendix A shows that we can find functions if/ e C°°(§xR) 
such that Yjyef *l^{y~^iz, &)) = 1 for all (z, ??) e § x R as a locally finite sum. If we define ( 18.91 ) with such a 
function tf/ and / e C°°(f \G), then the sum is locally finite, and the /?, are smooth. □ 

8.3. Higher order invariants and generalised weight. Set 

(8. 10) C~(G) - {/ e C"(G) , of generahsed weight k} . 
Proposition 8.3. Let k e 2Z. Then the T-module C^(G) is maximally perturbable. 

Proof. As with the previous proofs, our approach is to show that for every f-^-tuple i = (i', t(Y), . . . , t{Y)) 
with exactly m occurrences of ?(r) at the end and for every / e C^(f \G) there exists hi e C^(G) satisfying 
equation (18.71 ) for all f-<7-tuples j. We note that, by Theorem 16.41 the f-invariance of / implies that its 
weight k is strict, i.e., f{gk{&)) = f{g)e'^^ . 

We will define the function h\ by an analogue of (18.91) . We first define for each g e G the point 
w{g) = prig) i € § and the real number &{g) € R such that g = {w{g), &ig)) € G = ^ xR. We also 
recall that F = f /Z. Since the group homomorphism (po defined in the proof of Proposition 18. II is trivial 
on Z = {0, it induces a homomorphism on F. Now we take il/{z,'&) = lAo(z), with i/^o as in Part ii) of 
Lemma IaTT] So the function (z, ■&) i-> (A(y"Hz, i?)) obtained by left translation depends only on the image 
of y e f in F = f /Z. Let, as in the proof of Proposition 18.11 iptir) be the function f — > R such that 
^Af(r)(Q'/) ^ %),/. For a given y e f we have iAr(r)(^r) = 'Ar(r)(r) + 1 and @{{^yT^g) = &{y~^g) - n. So 
^t(Y){y) + 0(t~^9)/^ is well-defined on F = f /Z. We can therefore set 

(8.11) h{g) = Yj^,{9o{y))Qm{My) + ®iy~'9)l^)f{g)^{y''g)- 
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The support property of the partition of unity ip ensures convergence; it is even a locally finite sum with a 
bounded number of non-zero terms. All factors depend smoothly on g. So h\ e C'"(G). 
We consider (W - ik)hi. Since WtA = 0, we need only consider 

(5^ - ik)Q,n(My) + @{y-'gm)/n)figm) 

= QmUmiy) + &{y''gkmin) (di, - ik)f{gm) 

(8.12) ^ , X 

+ f{gkm d,^Q,n[Hr){y) + &iy~'g)/n + &/n) 

= + n~'Q:„{My) + ®{y~'g)l7i + f{gk{&)) . 

Repeating this we obtain 

(8. 13) (W - ikf'^' Q,n{My) + ®iy''g)/^) fig) - Qm'^'K- ••)•••- o , 

since the degree of Q,„ is m. So h; € C^((5). □ 

In a similar (but much simpler) way, one shows that, if T acts on C°°(§) via (14.21 ) and / € C°°(§)'^, 
then the function in C"(§) /ii(z) := T^yer Sii'Poiy)) fiz) My~^ z) satisfies for all (?(r) - l)-tuples of 
elements of |1, . . . , t{r) - 1). This gives an alternative proof of 

Proposition 8.4 (Prop. 4.1, |[TOl ). Let k e 2Z. Then the Y -module C°°{9)) is maximally perturbable. 

In fact, since ij/o is bounded, if / has polynomial growth at all cusps, then so does h\ thus proving that 
the submodule of C°°(.§) of functions with polynomial growth is also maximally perturbable. 



8.4. Higher order invariants with support conditions. We shall first discuss the motivation for the 
introduction of the invariants we will be dealing with. If Definition 16.31 of the space £jt(f , A) did not 
include a growth condition at the cusps, we could consider £|(f , A) as the kernel 7C in the exact sequence 

^ 7C ^ (G) ^ C^(G) 

With exponential growth, one might want to try to replace C^(G) by its subspace CfiXY^ of functions 
with exponential growth at the cusps of f . This would lead to an exact sequence 

£,(f,i) C^{tf^ C^iff^ 
for which we might try to show that for each ^ € N 

&k{t,Af^'' {C^iff^f''' ^ {C^itf^f'" 

is exact. For this to be of use it seems that we need surjectivity of the map oj-A : (C^(r)'^s)^ _> (C^(f )'^s)'^, 
which we did not succeed in proving, and which may not hold. For this reason we will instead work with 
other better behaved subspaces of the spaces appearing in the exact sequence. We will therefore define 
subspaces Ck, i)kiA) c C^((5) and £^(/l) c £/t(f , A) related by an exact sequence 

(8.14) o^s[{A)^Dk{A)^Ck. 
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8.4.1. The spaces Cu- For each cusp k - 0^00, and each a > we call 

(8.15) D^(a) = gAiz,-&) : Imz>a, 7?eR) 

a horocyclic set. There is a number Ap such that for each a> Ay the D^(fl;) are disjoint for different cusps. 
The sets 

(8.16) Ga = [{z, ??) e § X R : \fK{z.,&)^ DM)] 
satisfy fG„ = Ga- This follows from the fact that the have been chosen so that 
(8- 17) yt^g^ = ^^^.f 00 

for all cusps k and for 7 e f . Here f;^ := pr^^F^ = |y e f : yK = k}. 

Definition 8.5. Let k e 2Z. The space Ck consists of the / e C^(G) supported in Ga for some a > Ap. 
(The a may depend on /). 

So Ck consists of the smooth functions with generalised weight k whose supports project to compact 
subsets of F\§. Clearly, the space Ck is f-invariant. If we apply the construction of /j, in the proof of 
Proposition 1 8. 3 1 to functions f eC^ cz C^(f \G) then the support of each hi is contained in the same set Ga 
that contains Supp(/). This implies: 

Proposition 8.6. Let k e 2Z. Then the Y-module Ck is maximally perturbable. 

8.4.2. The spaces D/t(/l). The construction of Oki^) and the proof of its maximal perturbability is much 
lengthier that those for Ck- We will define DkW essentially as the space of functions that accept higher- 
order analogues of Fourier expansions at the cusps. To make this formal we study spaces of functions 
defined on regions of the form 

(8.18) S(?/o) - ((X + /?/,??) e§xR : y>m}, 
with i/o > 0. 

Definition 8.7. Let e 2Z, /i € C, and i/o > 0. We denote by £fc(i/o, A) the space of / e C"(5(i/o)) that 
satisfy ojf = Af, (W - ik)"f = for some n eM, and have at most exponential growth as i/ — > 00, uniform 
for X and ■& in compact sets. We denote by S^°\yo) the space of holomorphic functions on S(yo) with 
generalised weight k and at most exponential growth as i/ — > 00 

Proposition 8.8. Let k e 2Z, s e C and yo > 0. The spaces Sk(yo,As) and £^°'(r/o) are maximally 
perturbable A-modules. 

Let q €N. Each f € £/t(^/o^ ^1)^'^ has an absolutely convergent expansion 

(8.19) f{z,&) = J]/"^'^) 

neZ 

on S(yo) with /„ e "Vkin, s)^''^ for all n, and f„ € 'V^(?i, s)^'^^ for almost all n. 

Each f e £^°'(z/o)^''^ has an absolutely convergent expansion on S{yo) of the form 

(8.20) fiz,&) - J] J]<77>;z,,?) 

m,m[+m2<q n 

where the inner sum ranges from some, possible negative, integer to infinity. 
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Proof. We start with the holomorphic case. Let / e Then the function z i-> y'^^'^ fiz, 0) is 

holomorphic on {z € § : y > yo) with period 1. So it has a finite to the left expansion of the form 
Y,n dne^"'"^ converging absolutely ony > y^. For each yi > yo we have a„ = 0(e^™^') as n ^ oo. 
Hence f(z, &) = J^n '^nVkin', z, ^) converges absolutely ony > yo, and 

riz,^) ■- an7lTin;z,&) 

n>-N 

converges absolutely on S{yo), and the convergence is uniform on any set y > yi with y\ > yo, with x and 
I? in compact sets. These functions satisfy /™|(t - 1) = /("'i.'«2-i)^ /m|(^ _ ^ y(mi-i,m2) ^nd /(O-O) = f, 
since all t/™ have this property. Thus /•", with m such that m\ + m2 < q is a perturbation of type m and 

we deduce that £^°'(!/o) is maximally perturbable. An arbitrary element h € S^°\yo)^'^^ can be written as a 
finite linear combination of such /"", which all have expansions of the type given in (18.201) . 

For / e Sk{yo,As)^ we proceed similai^ly. By Theorem 17. II in combination with Remark fT2] and the 
integrality of k, there is an absolutely converging Fourier expansion 

f{z,&) = 2]/„(z,^) 

fieZ 

on S(i/o) with /„ e 'Wk{n, s). By the exponential growth, /„ € 'W^l{n, s) for \n\ > N, for some A'^ € N. 

For \n\ > N we have /„ = anOJuin, s), and from (17.51 ) we conclude that a„ = 0(e^'^'"'^') as \n\ —> oo for 
each yi > yo. So by (17.51) the series 

n, \n\>N 

converges absolutely on S{yo), uniformly on each set y > yi with yi > yo, and gives an exponentially 
decreasing function as i/ — > cxj. It is a /l^-eigenf unction of co, since the decay allows diff"erentiation inside 
the sum. To produce a perturbation of / we pick /™ e ^^^-(w, such that /™|(t - 1) - 

f^\{^ - 1) = and /i"'"^ = fn for the finitely many n with \n\ < N. The estimate m 

shows that the growth of these terms is at most of the order 0(e^^"^^^^y) as y ^ oo for each d > 0. Thus 
we get (non-uniquely) a perturbation of type m 

n, |"|<A' n,\n\>N 

in Gkiyo, ^s)- Thus we get ( 18.191 ) and the maximal perturbability of Gtiyo, ^s)- □ 
We are now ready to define and 2)^°^ 

Definition 8.9. Let k e 2Z, and A eC. We define Dk(A) as the space of functions / e C^(G) (hence with 
generalised weight k) for which there exist b > Ay, a e R, and ^7 € N such that for each cusp /c of f the 
function (z, &) 1-^ figAz, f^)) is an element of &k{i>, X)^'^', and satisfies a bound 0(6"^) as ;/ — > 00. 
We define similarly, with (z, ^ fig^iz, in G^°\bf''i, with bound 0{e"y). 

Remark 8. 10. The numbers a, b and q may depend on the function /. 

Remark 8.11. Definition 18. 7 1 of Sk{b,A) implies that elements of Dk(A) are /1-eigenfunctions of o) on the 
set U/f Dii{b). Similarly, elements of are holomorphic functions on \_\^. Di^{b). In both cases we have 
exponential growth at each cusp. The definition requires that the order of this exponential growth stays 
bounded when we vary the cusp. 
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Remark 8.12. In the definition we impose A-invariance of bounded order near all cusps. This is a bit 
artificial, but serves our purpose. 

The space Ck is contained in and in 2)^°'. Indeed, for given f e Ct we. can take b large so that 

|J^Z)j.(&) is outside the support of /. 

Elements / of Skit, A)^ restricted to D^ib) induce elements (z, ■&) i-^ figAz, &)) in Skib, A)^ for each 
cusp K, and similarly in the holomorphic case. Hence 

(8.21) 4(f,if c DkiAf, 'Hkirf c 



k 

Maximal perturbability of Dk(A) and We first need a technical lemma in order to relate A- 

invariants to f-invariants. 

We first note that if oo is a cusp of f and if ^oo = 1, then A = f oo. In general the group f^^ can be 
conjugated to g'^r^gK = A in g'^tg^. So we can assume here that A c f . 

The abelian group A is free on the generators r = ?i(l) and ^ = k{K). The dimension of Map(A, C)^'^"*"^ 
is (q + l)ig + 2)/2 with an explicit basis described as follows. Define a sequence of maps on A by setting 

(p^''"\^ - 1) - (^('-'''"^ 

and 

^(0,0) ^ ^(i,m) ^ for Z or m negative 
and(^(''"'\l) = for /,m > 0, / + m > 0. 

Then 

(m^/'"'))((r-l)(r'-l)) - 5kAn,s 

for I + m = r + s = g, and therefore the i/j*^''"'^ with l,m > 0,1 + m < q is a basis of Map(A, C)^'^"""' . 

Let /? be a system of representatives of f /A; so /? c f . Consider the system |fj)|j|=£; c Map(f , C)^'^^^ 
in the proof of Proposition 18. II If |j| = g, then, for every y e f , 5 i-^ fjiy^) is a function on A of order at 
most g + I. Hence there ai"e functions cr! on R such that for all p e /? and 6 e A 

(8.23) fjipd) = 

l,m>0 , l+m<q 

Lemma 8.13. Let c^^^ be as in (I8.23I ). and suppose that we have functions if/'-''"'^ e Map(A, C) satisfying 

^("•o) = 0, 

(8.24) (^('-""^Kt - 1) - lA^'-'''") forl>\, 

- 1) - ^tt™-!) for m > 1 . 

Then 

(8.25) f{p5) = {peR,6eK) 

l,m>0 , I+m<q 

defines an element o/Map(f , C)^'^. 
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Proof. We proceed by induction in = |j|. If <7 = 0, then m = « = 0, so f{p6) - a^Qo(p) " lA*^"'"^ = € 
Map(f,C)f'° - {0}. 

It is clear that (18.251 ) gives a well-defined map on f . It suffices to prove that, for every generator aj of f , 
f\{aj - 1) € Map(f , C)^~^ Suppose first that j = (7, j')- For each p eR there are unique pi & R and 61 e A 
such that ajp-p\5\. From (18.231) it follows that 

fjKajd) - \)(p5) 

(8.26) = 4„,(pi)/'"'>i(5i-i)(5) + 

/,m>0 , l+m<q l,m>0 , l+m<q 

By (18.5b . the left-hand side equals Yji,m>Q, i+m<q-\ £i^„,(p)0^''™\<^)- The function ^(''"'^KJi - 1) is a linear 
combination, depending on p, of ^("-''^ with 0<a<l, 0<b<m and a + b < q - I. Thus we get an 
expression that expresses the (^i^ip) in the aj,„(p)- The form of this expression depends on the relations 
(18.221 ) but not on the specific value of the constant basis element ip^^'^\ The relations of (18.221 ) hold for 
fp(i,m) Therefore, the right hand side of (18.261 ). upon replacement of ^ by i//, equals 

l,m>0, l+m<ci-l 

which, by induction, is in Map(f , C)'^ '^^'. Since, from (18.251 ). it follows that the right hand side of (18.261 ) 
with ifi replaced by equals f\(aj - 1) too, we deduce that f\{aj - 1) e Map(f , C)'^'^"^ 

In the same way, we deduce that f\(aj - 1) e Map(f , C)"^'^"' when j = t{r) or j < t(T) and j + j(l). □ 

Proposition 8.14. The Y -modules 2)/t(/l) and are maximally perturbable for all e 2Z and AeC 

Proof. It suffices to construct for a given / e "D^iXf , a given ^ e N and a given f -g-tuple i, an element 
T/i e "DkW such that 77i|(Q'i'(i) - 1) • • • {a\>(q) - 1) = S^'f for all f-g-tuples j. 

We will write / = /cpt -1- Yjk A' with k running over a set C of representatives of the f -orbits of cusps, 
where /cpt e {Ckf , f^ e DkiA)^, and will produce perturbations for each of these components. 

We choose a strict fundamental domain for T\G so that 

Sf n Doo{b) ^ {{x + iy,-d-) : 0<x<l,y>b,0<-&<JT]. 

Definition l8.9l provides b > Ar and r e N such that ^^(z, ■&) = fig^iz, &)) is in &k(b, A)^''' for each cusp k. 
Furthermore, b can be chosen large enough for the sets gp n Dnib) (k e C) to be pairwise disjoint. Since 
/ is f-invariant, we even have v^: e &k{b, A)^. We choose a function x ^ C°°(0, 00) that is equal to on 
(0, ^ -I- 5] and equal to 1 on [ft -1- 1, 00), and define for /c e C 



(8.27) /,(z,7?) 



JO (z,7?)€gf-D,(ft) 
br(Im(zi)) v,{zu-&i) (z, m = Uzi,i^i) e 5r ^ D,{b) 



Extend to G by f -linearity. So f^ = outside tD^{b) and equal to / on f 0^(^-1- 1). We check in Defini- 
tion[82]that e DM)- The function 

Tcpt — f ~ ^ fii 



f 



is F-invariant and vanishes on DkQj+V) for all cusps k, hence /cpt € C\. 
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Proposition 18 ■ 6 l implies that there is hi eCt S^ki-^) satisfying the conditions /ji|(ai(i)-l) • • • (ai(q)-l) = 
/cpt and hi'\{ai>(i) - 1) • • • (^{'(f/) - 1) = for f-<7-tuples i' t i. So we can restrict our attention to the f^. 

Since the supports of the with k e C are disjoint, we can consider each of the /k separately. Without 
loss of generality we can assume that oo is a cusp of f with - I and take oo € C. Conjugation by the 
original §^ then gives the same result for a general k eC. 

The function Vao used in (18.271 ) is an element of &k{b, /^)^■ The proof of Proposition 18.81 shows that for 
each m € Nq there is a perturbation t;™ e &k{b, ^)^''"i+™2+i gf |^ /oo(z, '9) of type m. We define rji by 
T/i = on Gh and on all YD^ib) for all a- € C \ {oo), and 

(8.28) rTMx + iy,&)) - J] xiy)^,,,„(p)vt'"\x + iy,^) 

l,m>0 , l+m<q 

fox y >b and p in a system of representatives R of f /A. The functions d^^^ are as in (18.231 ). Since the sets 
pDoo(b) are disjoint, this defines a smooth function, which can be checked to be an element of 2)k{A). 

(I lit) 

For each fixed g = {x + iy, &) with y > b the function 5 i-> {6g) on A satisfies the same relations as 
S ^ ,fi(''"'\S) voo(g) in (1021) . So, their difference, as a function of 6, satisfies (18.241 ). 

Ignoring smoothness for a moment we have e Map(G, C)^. Equation (18.81 ) gives a function hi on G 
such that /ji|(Qri'(i) - 1) • • • (ai'(^) - 1) = ^i,i'/oo for all f-^- tuples i'. With our choice of fundamental domain, 
and using (18.231 ). we find for p e /?, 5 e A and g = (x + iy, &) with y > b: 

(8.29) hiipSg) = 2 4,m(p)f^'''"\^)xiy)vooig). 

l,m>0 , l+m<q 

Outside FDcoib) the functions /oo, h are zero. With Lem. l8.13] we conclude that the function induced by 
(8-30) im-hi)(p6g)= J] c^,^^(p)x(y)iv^'"\Sg) - <p^''"'\6) Vo^ig)) 

l,m>0 , l+m<q 

is in Map((5, C)^'*. This implies that 

rji € (/li + MapiGXf''') n £);t(^) - 2)^(/l)^''^+^ , 

and behaves in the desired way under (Q'i'(i) - 1) • • • (ai'(g) - 1) for all f-g-tuples i'. Thus, we have proved 
that Dki/l) is maximally perturbable. 

Everywhere in this proof we can replace Skib,A) by £^°'(Zj), and Dki/i) by 2)^°'. In that way we also 
obtain the maximal perturbability of 2)^°', thus completing the proof of Proposition 18. 141 □ 

8.4.3. Relations between the spaces Ck and 2)jt(/l). By Remark [8. 11 1 for each / e 2)yt(/l) the support of 
(oj - X)f is contained in some set Gh, hence (oj - A)f e Ck- So the differential operator u)- A maps 2)|(/l) 
to Ck- Since the operator co commutes with the action of f , we have {oj - A)'Dk{A)^^'^' c cj^'^ for all g > 1. 
Similarly, E-(Dh°')f-'? c C^^^^ for all ^ > 1. 

Proposition 8.15. Let AeC and k € 2Z. The following maps are surjective: 
i.co-A: DkiAf C[ and 
a. E : (Dh°i)f Cl, 

Proof- ^8A4] and ^8A5l □ 

CoroUary 8.16. For each q > I the maps co - A : Dk{A,f''' C^''* and E : (D^°')f''? ^ c['* are 
surjective. 
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Proof. Proposition 18. 151 gives the case q - \. The rows in the following commutative diagram are exact 
by Proposition [83] and [SJll See (I5J3] ) for m^. 

(8.31) m^f'" " GkiAf-''^' (DkiAf)"^'''''^ 

jt^-'i 

cf/' C[''^^' (C[)"^^''') 

II I 
coker(a> - A) 

The third column is exact by Proposition 1 8. 151 With the exactness of the first column as induction hypoth- 
esis, we obtain the vanishing of coker(a» - A) and thus the surjectivity of co - A : Dk{A)^''^'^^ C^'^^' by 
the Snake Lemma. 

The case of E" : (£)hoi)f,fy ^ (-r,g similar. □ 



8.4.4. Proof of Proposition \8.15\ i). We first note that the spaces Dk(A)^ and are invariant under Z. 
Hence the weight k is strict and we are dealing with functions on G = PSL2(IR.). (See the first statement in 
Theorem 16.41 ) We use the spectral theory of automorphic forms to prove Proposition 18. 151 

We work with the space of square integrable functions on t\G = T\G of strict weight k e 2Z, where 
G = PSL2(R). We can view the elements of the Hilbert space Hk = L^{t\G)i: = L^{T\G)k as functions 
z i-> fiz, 0) on §, transforming according to weight k as indicated in (14.71 ). The inner product in //^ is 
given by 

if, A) = f /feO)7ifeO)^. 

Here g can be any fundamental domain for r\§. We take it so that for each b > Ay it has a decomposition 

(8.32) g = 5fo U y K , K - [g,(x + iy) : x, < x < x, + I , y > b] , 

KeC 

with C a system of representatives of the F-orbits of cusps, and € 1. depending on g and on the earlier 
choice of the g^. The set g/, has compact closure in §. 

The differential operator co^ = -y^dy - y^d\ + ikydx in (14.81) determines a densely defined self-adjoint 
operator in Hk- The spectral theory of automorphic forms gives the decomposition of this operator Au in 
terms of Maass forms. One may consult Chapters 4 and 7 in |[T2l for weight 0. For other weights the proofs 
are almost completely similar. (See I20il .) There is a subspace Z/^'^'^"' with an at most countable orthonormal 
basis {i/r^} of Maass forms, indexed by some subset of Z. The i/^^ are square integrable elements of the space 
of Maass forms ^^(F, A^) with A^ > |(1 - |). We denote the eigenspace associated to A (which is known 
to be finite-dimensional) by Hk{A). \ik = the eigenvalue occurs with multiplicity one, corresponding 
to constant functions, and all other A'- , if any, are positive. \f k Q, then H'^^^^ may be zero. If ^ > 2 
and the space SkiJ) of holomorphic cusp forms of weight k is non-zero, then there are tA^, € Z/^'**" of 
the form (/^^(z, 0) - y^^^h(z) with h € 5^(F). The con^esponding eigenvalues are /l^ - |(1 - |), which 
is negative if k > A. There may also be elements obtained by differentiation of holomorphic cusp forms 
of weights between 2 and k -2. Similarly, for negative k there may be eigenfunctions corresponding to 
antiholomorphic cusp forms. 
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The orthogonal complement of in Hk is isomorphic to a sum of ^par copies of L^((0, oo), dt), 
where ?ipar is the number of F-orbits of cusps. The spectral decomposition gives the Parseval formula 

(8.33) - Yj<^[{f)a[{fi) + Y^— el{f;it)el{fuit)dt, 

with K running through a set of representatives of the cuspidal orbit. For each f e v/e have = 
(/, ifrf). If / is sufficiently regular, then the functions •) ai^e obtained by integration against the Eisen- 
stein series £"^(11) at the cusp k. 

The space is contained in H^. For f the functions •) are given by 

r dxdu C ^ dx du 

el{f;s) = f(z,0)El{--s-z)^ - /(z,0)£!,(-^;z)^, 

for all s at which the meromoiphic continuation of the Eisenstein series 

is holomoiphic. In particular, s) is holomorphic at points of the line /R. 

On the square integrable Maass forms and on the Eisenstein series the self-adjoint operator is given 
by oJk in (14.81 ). For / e in the domain of the self-adjointness of together with the eigenproperty 
of i//'^, imply a^^{oJkf) - ^^a^j^if) and e^(a>yt/;0 = (| + f^)^^(/;0- This implies that the specti'al data of 
elements f e Ht such that A'^f is well defined for all n eM, are quickly decreasing. The convergence in 
L^-sense of the Parseval formula in (18.33b is very fast for functions of this type, since the summands and 
integrands in the expansion are those of {A'^f,A'^fi) divided by (A^)", respectively + 1^)" for each « e N. 
(If there is a term with A'^ = we treat it sepai^ately; it does not influence the convergence.) 

The central point of the proof of Proposition 1 8. 15l is that we transform the equation (A^- A)fi = f with 
unknown fi e for a given f e C\ to the spectral decomposition. Application of A^ - A to f e 
amounts to multiplying aUf) hy A^ - A and multiplying (/; t)hy ^ + f - A. This suggests the following 



-;*:arg(;(g/7,z)) 



Definition 8.17. Let A e C. We denote by Ca:(F, A) the space of / e such that the following conditions 
are satisfied. 

i) al{f) = OifAc = A, 

n) elif; ih) = for aU K,ifA = l + tj {t,^ e R \ {0}) , 
iii) for all k, the map 1 1-^ ^^(/; it) has a double zero &tt = O if A - j. 

Note that, for each A, the conditions i), ii), iii) impose finitely many linear conditions, so C/t(r, A) has 
finite codimension in C\. If A is not in the spectrum of Ak, then C/t(r, A) is equal to C\. 

Case I: / € C^Cf , A). In this case, if we have the spectral decomposition 

(8-34) / = Z ^^^Z)*^^ + Z 5" '^^^l^'^'^ 

then a solution of {A^ - A)fi = f is given by 

^ 1 r~ e'i(f;it) 

-)dt. 



(8.35) /i - y + y / E^iit; ■ 
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If A is not in the spectrum of A^, then the convergence of this -expansion is better than that in (18.341 ). 
since ^ oo and hence the denominators improve the convergence. If A is in the spectrum of At, 
condition i) ensures that the with A'- = A vanish, and that, by the other conditions, the simple or 
double zero of ? i-^ j + f- - A at t = tx i?> canceled by the zeros at s = it^ of the holomorphic functions 
s The same reasoning shows that the obtained fi is in and, in fact, in the domain of A^. We 

have (Ale - A)fi = f. Therefore the relation (co - A)fi = f holds in distribution sense. There is b > Ay such 
that the support of / is contained in Gb- So on each Di((b) we have (co - A)fi = 0. Since oj^ determines 
an elliptic differential operator on §, elliptic regularity implies that (co - A)fi = holds as a relation for 
real-analytic functions on each DK(b). Further, the square integrability implies that fi must have less than 
exponential growth at the cusps and hence it is an element of Dk(A)^. We have shown: 

Lemma 8.18. For each /I e C, the space CjtCF, A) is contained in (a> — A) Dk(A)^. 

Case II: f eC^\ Ck(^, A) for A in the spectrum of A^. The following result enables us to pick represen- 
tatives h of C\/Ck(^, A) for which we can solve (a> - A)fi = h directly. This procedure can be carried out 
by singling out one cusp k, which we fix for the proof of Case II. 

Lemma 8.19. Let k be the cusp that we keep fixed. Suppose that A is in the spectrum of A^. Then there is 
a finite set X cZ such that, for each n e X, there exist h„ e CF of the form 



(8.36) hn(y~gAz,m) 



Xn(y)e"'' onTD,(Ar) 
elsewhere 



for some Xn £ C^(Ar, oo), such that {h„ + C^(r, /l)}„ spans C]^/Ck(^, A). 

If we can solve (A^ - A)fi = h„ in another way for all n € X, this lemma enables us to reduce the proof 
of Proposition 18. 15 f i) to Lemma [8.18l 

Proof of Lemma I&791 We shall examine each of the three cases for the eigenvalues of Ayt on Hk separately: 
• A - J - s^ ^ [j, oo). Assume s > 0. There are finitely many indices €\,...,€,n such that Ai- - A. 

The i/^^^ form a basis of ker (A/^ - A). Each of these m linearly independent square integrable 
automorphic forms is given by its Fourier expansion at the fixed cusp k. By Proposition 17.11 
the Fourier terms of non-zero order are multiples of cok(n, s). The Fourier term of order zero 
is a multiple of i/2~*e'^'^. We choose a set X of m elements in Z such that the m x m-matrix 
whose columns are the n-th Fourier coefficients of ^^^^1 < J < m) with n e X i& invertible. We 
choose the;^'„ e C°°, n e X,m the statement of the lemma, so that Xn(y) <j~>k(n, s)(iy, 0)^ 0, 

respectively j^^Xn(y) y^'" ^ 0. Consider the linear form on the space A^(A) of square integrable 
automorphic forms with eigenvalue A given by 



r hn(zj 



«A^(/i,„.A) = f /i„(z,0)(A(z,0)^ 

y^ 



r r\n(y)e^''''''-aoy'''-' ^ + y-a,n T f'\n(y)e''""''coj,(m,s)(iy,0) 

JAr J-1/2 y JAr J-1/2 



dxdy 



m*0 ^'^r ^-1/^ y^ 

This depends only on the Fourier coefficient of ij/ of order n in the expansion at k. Therefore, the 

{ . 

m X m-matrix with the scalar product (h„, \p^) at position (j, n) is invertible. (Here j runs from 1 
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to m, and n runs through X.) Hence there are complex numbers bjp (with 1 < j < m, p e X) 

such that Y^nex bj,n (K, ip^ ) = Sjj . Setting, for / e C^, c„if) = UJ^^if, lA^' ) ^/,«, we obtain for 
1 < 7 < m: 

neX 

So / - X„ Cnif) K is indeed in Ck(r, A). 

• /l=| + f^, feR \ {0). A basis of ker (A^ - A) in this case consists of Eisenstein series EJ,{it, •) (v € 

C) and possibly cusp forms ij/j^ with Af . = A. The proof of the previous case can be applied with 
the obvious adjustments (e.g. replacing scalar products by integrals for the terms corresponding 
to EJ,) to give the result. The only essential modification is that we have to use the space A*^,{A) 
of automorphic forms with polynomial growth and eigenvalue A in place of A^{A) because the 
Eisenstein series aie not square integrable. This can be done because (conjugates of) elements of 
A^(/l) appear only integrated against elements of which have compact support modulo f . 

• A = J. Now we have the condition that e^(/ - J]„ h„; it) should have a double zero at t = or, 
equivalently, that the first two terms of the Taylor expansion at s = should vanish. Since the first 
two Taylor terms of £'^(-; z) are linearly independent from the other functions in A^(l/4), a choice 
of Xn with the desired properties is again possible. □ 

Now we turn to the task to solve (a» - As)f\ = /i„ with /i € Dk(A)^ for /i„ as in Lemma [8. 191 We aim at 
/i with support in f D^(Ar). Writing fiig^iz, &)) = e^'^'"'' h(y) e'*'^, the diff'erential equation (oj - A)fi = h„ 
becomes 

-y^h"{y) + i4n^n^y^ - Innky - - + s^) h{y) = Xniy) ■ 

(Compare (17.31) .) This ordinary diff'erential equation is regular ony > Ay- It has a unique solution for the 
initial conditions /z(Ar) = /j'(Ar) = 0. It is zero below the support of Since. Xn has compact support, 
the function h thus obtained is a solution of the homogeneous equation (17.31) on {b, oo) for some b > Ay 
depending on Supp(;\f„). Thus we see that (z, &) i-> fiigidz, &)) is an element of 'Wk{n, s). Hence it may 
have exponential growth of order gC^^I^I+i')!/ xhis is the point where the need to work with exponentially 
growing functions arises. 

We extend f\ by f-invariance, and check that it is an element of Dk{As). This completes the proof of 
the first statement in Proposition 18. 151 

8.4.5. Proof of Proposition \8. 15\ ii. For the surjectivity of E" : (2)^°')^ ^\-2 ^^^^ ^^^^ '^^ 
an eigenfunction of a> in weight k - 2 with eigenvalue A the operator E^E^ 2 acts as multiplication by 
-4{A - I + f )■ See dO). We will use E+ 2 to "invert" E". 

Let denote the kernel of E^_2 ^t-i- finitely dimensional and it contains the constant 
functions if ^ = 2, and the functions corresponding to antiholomorphic cusp forms ifk <Q. 

On the orthogonal complement of H'^_2 in the factor -A{A - | + ^) is negative and stays away 
from for all A in the spectrum of Ak. Likewise, we denote by the finite dimensional kernel of E^ 
in H^^^" . Its elements correspond to square integrable holomorphic automorphic forms of weight k. 

Let (iA[_2)f be an orthonormal basis of the orthogonal complement W^^^" //^'_2 consisting of eigen- 
functions of ojk-i with eigenvalue A^ . The relation (E'^v\,V2) = -{vi,E^_2V2) for suitably differentiable 
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elements of Hu and Hk-i (see Lemma 6. 1.4 of 0) implies that E-(//f e H^) c Hf^^ e Hl__^ and hence 
(i/^^)^ with i/r^ = . ^ ' i ^k-2^k~2 orthonormal system spanning H'^^^'^^ q H^. 
For a given / e C^_2 orthogonal to H'^l^^ we set 



' ' V V4/l^ -2k + k^ VW^^lkTl? V 2^ Jo ^4fi + (yt - 1)2 V4^^ -2k + k^ 

We have fi € HkQ H'^ and E~/i - f. A reasoning as in the previous case shows that /i e 

So we have solved the problem for a subspace of C^_2 with finite codimension. A general element of 

C^_2will not be orthogonal to H'^_^^. We proceed as in the first case in the proof of Lemma [8.18l Instead of 

ij/j^' we now use an orthogonal basis of ^^_2> and form functions h„ as in Lemma [8.18[ con^esponding to 
a set X of Fourier term orders such that elements of H'^_2 are determined by the Fourier coefficients in X. 
Solving E^/i = hn leads to the differential equation 

(-2/i/5, + 2ydy - = xiy) , v>(yo) = v'iyo) = o , 

with which we proceed as in the previous case. 

This establishes the surjectivity of : (2)^°')'^ ^\~2 Proposition 18. 151 

8.5. Higher order invariants and Maass forms. We now will derive the main results of this paper, 
Theorems I6.5l andl 6.8[ from the following result: 

Proposition 8.20. The f -modules 

(8.37) G'l^iA) := ker(a; - A : Dk{A) Ck) 
and 

(8.38) -H^ := ker(E- : Ck-2) 
are maximally perturbable. 

Proof. We have the following extension of the commutative diagram (18.311 ): 

(8.39) ^ &'^{Af''^ ^ &[{Af'''^^ {&[{AfT^^''i^ 

■ 'DkiAf''' ^ i^kiAf-''^^ {pkiAfT^^-''^ ^ 



I' 



C[''^ CY"' ^ (C[)"^^'^^ 

i I \ 



The exactness of the columns follows from the definition of &'^.{A), (13.21) . the left-exactness of the functor 
homc[r](^^\C[r],-) and Corol. 18.161 Propositions 18.31 and 18. 141 imply that the second and third row are 

exact. The Snake Lemma then implies that the first row is exact and that : £^(/l)^'^"'"^ — > (£[.(/l)'^)"^'^'^^ 
is surjective. 

Replacing in this diagram the space &'i{A) by TY^ and the map o) - Ahy 'ET , we obtain the maximal 
perturbability of "K^ □ 
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Proof of Theorems \6.5\ and WM The f -module (/I) is contained in £^:(f, /I). See Definition 16.31 It is a 
smaller space than fijtCf , A) since elements of have a special structure near the cusps. With (18.211) . 

£>k(y, A)^ is a subspace of £>'^,{A)^ . Therefore £/t(f , A)^ = £[(/l)^ and thus 

^ S'l^iAf''^ ^ S'k'^Af'''^^ ^ {S[iAf)"'-^'"^ ^ 

\ I II 

— - £,(r, Af-1 — - £,(r, Af-1*' — - (fii(f , Af)'"-^--" 

with exact rows. Induction with respect to q and the Snake Lemma show that Skit, A)^'^ is equal to 
for all q. Hence the space Skit, A) is maximally perturbable. 

The proof of Theorem l6.8l is completely similar. □ 

Appendix A. Partition of unity 
The following technical lemma gives paititions of unity that are adapted to f \G and r\§. 

Lemma A.l. i) For a given cofinite discrete Y <zG containing Z there are ifj € C^iG) such that 

a) ij/ is a bounded function. 

b) There is N eM such that for each g € G the number ofyeT with il/iy'^g) is bounded 
byN. 

c) Zyef "ACy'V) = I for all geG. 

ii) For a given cofinite discrete F c PSL2(R) there are >pQ e C°°($) such that 

a) ij/Q is bounded. 

b) There is N eM such that for each z e § the number of y e T with ifroiy^^z) + is bounded 
byN. 

c) Ijyer^oiy'h) ^ I for all z € §. 

Proof. We fix a strict fundamental domain for f \§ of the following form, based on the choice of a real 
number a > Ay, as in 98.4.11 The set is bounded by finitely many geodesic segments and half-lines 
such that 

gfi = CaU\ \v,ia), 

(1.1) 

Vitia) = [g^ix + iy) : y>a, < x < + 1} , 

where Ca is relatively compact in §, and is contained in the image of Ga under the projection G — > §. 
The disjoint union is over the set C of cusps k in the closure gy, of in § U d$). We take gj, such that 
C forms a system of representatives for the f -orbits of cusps. By taking the parameter a sufficiently large 
we aiTange that all orbits of elliptic fixed points intersect g§ in Ca. These points are necessarily on the 
boundary of gf,. 

We take a strict fundamental domain for f \(5 of the form 

5 = [iz,m : ze S.?,, [0,7: /viz))], 

where viz) e N is the order of the subgroup F- fixing z, or equivalently f ^ is conjugate in G to the group 
{kinn/viz)) : « € Z). So viz) is in general equal to 1, and only larger if z is an elliptic fixed point of F. 

i. We first define a function on G satisfying a) and c), and a variant of b). 
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Let a» : G — > {0, 1} be the characteristic function of 5- It satisfies conditions a)-c) in part i) of the 
lemma, but is not smooth. To make it smooth we convolve it with a function ip e C^(G) with ip > 
such that tf/{g)dg = 1 for a choice dg of a Haar measure on G and such that SuppCi/^) is a compact 
neighborhood of the unit element in G. 

Since oj is measurable, the integral 

(fioig) = I aj{gi)(l/{g^^g)dgi ^ I aj{gg~^)(f/{gi)dgi 
JG JG 

defines a smooth function on G with values in [0, 1] and with support contained in the neighborhood 
(5 • Supp(i/') (multiplication in G) of g. From the second form of the convolution integral we see that 
Xygf '^0(7^9) - 1 for all g € G. This smooth function cpo satisfies conditions a) and c) in part i) of the 
lemma. Condition b) is not satisfied, since although the support of (po is contained in a neighborhood of 
g of the form g Supp((/f), this neighborhood may meet near the cusps infinitely many f -translates of g. 
We will construct two functions, one "away from the cusps" and another "close to the cusps" satisfying all 
conditions a), b), c) on overlapping regions. A suitable combination of these two functions will produce 
the sought function on G. 

• The first function is simply the restriction of ^0 to Gb for any b > a. We will show that this function 
satisfies condition b) (and thus all conditions). First we note that the projections p\ . G ^ 9) and p2 : G ^ 
R given by piiz, = z and p2iz, &) = ■& are continuous. Next we note that g Suppiip) fi Gb is contained in 
a compact set, and hence has compact image in § under pi. So 

/7i(5Supp((A)nGfo) c y^gg 

SeE 

for some finite subset E of F. 

Fix a.g € Gb- We will show that there is a finite number (independent of g') of 7 e f with (fioiyg) + 0. 
Indeed, for each such y we have yg e gSupp((A) n Gb, hence p\(yg) = pr('x) piig) e UseE^'Sti- This 
leaves finitely many possibilities for the image pr(y): 

pr(7) - 66q^ with 6 e E . 

for some do € F. We conclude that y = ddQ^kinm) with m eZ. 

On the other hand, the image /72(3f Supp(i/') n Gb) is contained in a compact set, hence it is contained in 
a set [-B, B] c R. For the y = 66'^^k{nm) with (foiyg) 9^ we conclude from (15.31 ) that p2{66Q^k{mn)g) - 

P2{56~^g) + mn. This leaves only finitely many possibilities for the integer m. This shows that condition b) 
is satisfied by the restriction of ^0 to Gb (b > a). 

• We now start the construction of another function ipi with the desired properties near the cusps. We 
take a compactly supported smooth partition /? of unity for R/Z, i.e., /3 e C^(R) with values in [0, 1] such 
that YjkezPi^ + k) = I for all x e R. (For instance take a smooth function v in C°°(R) with value on a 
neighborhood of and value 1 on a neighborhood of j. Then 

if X < , 

v(x) if < X < 5 , 



1 if i < X < 1 

l-v{x-l) if 1 < X < I 
if X > I . 
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defines such a partition of unity.) We define a function ipi on G in the following way. 

fiigAz, &)) = Pix - x^)l5{§ln) if KeC,y > a, 
(fi = elsewhere , 

with x^: as in (11.11) . 

The function tpi is smooth on G \ Ga and bounded there. By the definition and (18.171) . it is clear that the 
only f -translates of g intersecting the support of tpi are the f ^^-translates. The definition of yS then implies 
that at most four f^^-translates can intersect Supp(^i), implying (ii). Likewise, the definitions of (pi,/S and 
(iHT]) imply that Z^gf^iCr^^^) = 1 for ^ e G \ G„. 

We choose a (bounded) function^ e C°°(f \G) equal to on Ga and equal to 1 on G \ Ga+i - Put 

+ (1 -x)-<po, 

where (po is as constructed above with b equal to a + 1. Since vanishes on Ga the product • ipi is smooth 
on G. Similarly, (1 -x) ■ fois smooth. So ip e C°°{G). Conditions a)-c) are easily checked to hold for t/r. 

ii. We turn to F = f /Z and start with tfr as in part i). The sum iffiiz, &) = YjmeT. "ACZ' ^ ~ is locally 
finite and defines a smooth function with values in [0, 1] that is invariant under left translation by elements 
of Z. So tp\{y~^{z, &)) = (Ai('y~Hz, '&)) is well defined for y e F, and 

J]«Ai(r"'fe^)) - 2]2]^((r/:(m7r))-Hz,^)) = 1 

yer yer meZ 

for all (z, &). Since the support of meets only finitely many f translates of g c g§ x [0, n), the support 
Supp(i/') • Z of i/'i meets only finitely many f -translates of g§ x R. Set 

Mz) = - f <l^i{z,&)d&. 
^ Jo 

It clearly satisfies (i). For condition c) we note that 

Ymtz) = -Yf Myz,^)d& 

I r?r+ai-g(i(7,;)) 

= —y I if/\{yz,'&) d-& by the 7r-periodicity of i/'i 

iPi{y{z,&))d& 



- US' 



yer ' 
= 1 

The support of \pQ is contained in the image 7?i(Supp(i/ri)) c §. Since Supp(i/ri) is contained in finitely 
many f -translates of x R, we conclude that condition b) is satisfied as well. □ 

Appendix B. Index of commonly used notation 

a{y) ED C^{G) dUni) Ei gHU 

a{{f) (18331) Ck Defn. [831 Ek{T,A) Defn.O] 

a D DM) dSl) Ef\Y,Ak) 

ai Q 'Dk{X),'Df^ Defn. [821 E± 

b(i) (UHl), (EH) Si Q el(J;it) (lOIl) 
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Defn.O 


r]r{n; z, ■&) 


dv.ivl) 


Pi 


i3.2.l| 




Defn.[63] 




(|7.18|) 


pr, pri 


EI 


Er{t,x,A) 


Defn.[63] 




(|7.19|) 






Et{T,A) 


Defn.SI] 


kid) 


go 




dv.iol) 


fi 


(lO 






S 




gx 


(lO) 


Lk 


d431) 


s im) 


d8.18|) 


G 


Defn.O 




(lO) 


t 




Ga 


(|8.16|) 




(1331) 




i3.2.l| 


hi 




Mk{T,A) 


Defn.O 




Defn.O 


Hi 


i3.2.l| 


Mk{T,A) 


Defn.O 


"Wriv, S) 


(I73b 


H 




Mf\T,A,,) 




w 




hfin,s) 


dV.llI) 




(1331) 


X 






Defn. O 


'Jell > '^par 


i3.2.l| 






m 






ED 








n(r, 


dH 


a),-7 


(17:4b 
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